Hierarchic models for laminated plates by Actis, Ricardo Luis
WASHINGTON UNIVERSITY 
SEVER INSTITUTE OF TECHNOLOGY 
HIERARCHIC MODELS FOR LAMINATED PLATES 
by 
Ricardo Luis Actis 
Prepared under the direction of Professor B. A. SzaM 
.4 dissertation presented to the Sever Institute of 
Washington University in partial fu lWent  
of the requirements for the degree of 
DOCTOR OF SCIENCE 
December, 199 1 
Saint Louis, bfissouri 
( V ~ ~ ~ - ~ ' - ~  37327) HIiRbTCYIC V4:;i L ?  f 7' : , ?? -14121  
! - 4 ~ 1 1  .P .TL . ,  P L A T Y S  Ph.' , .  T t ~ e s i  s ( d a s h i n 9 t o n  
U n i v . )  ,)-': L! C C C L  114: U n c l  -is 
https://ntrs.nasa.gov/search.jsp?R=19920004903 2020-03-11T17:49:06+00:00Z
WASHINGTON UNIVERSITY 
SEVER INSTITUTE OF TECHNOLOGY 
ABSTRACT 
HIERARCHIC MODELS FOR LAMINATED PLATES 
By Ricardo Luis Actis 
ADVISOR: Professor Barna A. Szab6 
December, 1991 
Saint Louis, klissouri 
Structural plates and shells are three-dimensional bodies, one dimension of 
which happens to be much smaller than the other two. Thus the quality of a 
plate or shell model must be judged on the basis of how well its e x a d  solution 
approximates the corresponding three-dimensional problem. Of course, the exact 
solution depends not only on the choice of the model but also on the topology, 
material properties, loading and constraints. The desired degree of approsimation 
depends on the analyst's goals in performing the analysis. For these reasons mod- 
els have to be chosen adaptively. Hierardric sequences of models malie adaptive 
selection of the model which is best suited for the purposes of a particular analysis 
possible. 
The principles goveming the formulation of hierarch models for laminated 
plates are presented. The essential features of the hierarchic models described 
herein are: (a) The exact solutions corresponding to the hierarchic sequence of 
models converge to the exad solution of the corresponding problem of elasticity 
for a fixed laminate thickness, and (b) the exact solution of each model converges 
to the same limit as the e.wt solution of the corresponding problem of elasticity 
with respect to the laminate thickness approaching zero. 
The formulation is based on one parameter (P) which characterizes the hierar- 
c h ~  sequence of models, and a set of constants whose influence has been assessed 
by a numerical sensitivity study. The recommended selection of these constants 
results in the number of fields increasing by three for each increment in the power 
of p. 
Yumerical examples analyzed with the proposed sequence of models are included 
and good correlation with the reference solutions was found. Results were obtained 
for laminated strips (plates in cylindrical bending) and for square and rectangular 
plates with uniform loading and ~vi  t h homogeneous boundary conditions. Cross- 
ply and angle-ply laminates were evaluated and the results compared with those of 
MSC/PROBE. 
Hierarchic models make the computation of any engmeering data possible to an 
arbitrary level of precision hvithn the framework of the theory of elasticity. 
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Chapter 1 
Introduction 
The use of fiber-reinforced composite materials in structural applications has stim- 
ulated considerable research activity in the study of the mechanical behavior of 
laminated plates and shells. 
Structural plates and shells are threedimensional bodies, one dimension of 
which happens to be much smaller than the other two. Thus the quality of a 
plate or shell model must be judged on the basis of how well its exact solution 
approximates the corresponding three-dimensional problem. Of course, the exact 
solution depends not only on the choice of the model but also on the topology, 
material properties, loading and constraints. The desired degree of approximation 
depends on the analyst's goals in performing the analysis. For these reasons models 
have to be chosen adaptively. 
There are two types of information whidl are of substantial engineering interest 
in the analysis of laminated plates: 
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1. The structural response (i.e. load-deflection relationships, shear forces, bend- 
ing moments, etc.) is characterized by the fact that laminated composites 
typically have very large bending modulus to shear modulus ratios. 
2. The strength response (e.g. the conditions under whch delamination occurs, 
crack propagation problems, etc.) is characterized by the facts that at the 
laminar interfaces the normal and shear stresses are continuous, hence the 
shear strains are discontinuous, and stress singularities occur at external 
boundaries. 
Initially, the research efforts were focussed on the development of analysis tools 
to predict the strudurd response of the laminates. Soon it was realized that the 
classical plate model, extensively used for homogeneous isotropic materials, led to 
considerable error when applied to laminated plates. The reason: the classical plate 
model fails to account for shear deformation effects, which are of critical importance 
when the materials have very large elastic modulus to shear modulus ratios. 
Three-dimensional models are suitable for investigating the strength response 
of laminated m d a ,  but they are computationaly demanding and not feasible for 
practical problems. The alternative ~vas to develop two-dimensional models that 
could give reasonable results. Of course what is 'reasonable? depends on the goals 
of the computation. First-order and hlgher-order shear-defonnation models were 
developed to account for the effects of transverse shear strains. The terminology 
used in connection with hlgh-order models refers to the level of truncation of t e r n  
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in a power series expansion for the displacements, rather than to the order of the 
final system of differential equations. The first-order models are simple but only 
adequate in predicting the gross response characteristics of the laminate for large 
length-to- thickness ratios. They give poor approximation for thick plates and near 
boundaries. Higher-order models are more d e r s o m e ,  but gve more accurate 
results than firs t-order models. The main limitation of these models is that they 
do not allow for discontinuities in the slopes of the deflections at the interfaces of 
laminae as predicted by the three-dimensional elasticity solution. 
The discrete-layer models were derived to overcome the limitation of shear- 
deformation models. They are based on assuming a displacement field whch al- 
lows piecewise linear variation of the in-plane displacements. They gve better 
results than shear-deformation models, and yield more accurate interlaminar stress 
distribution, even for very thick laminates. In general the number of differential 
equations depend on the nunher of layers in the laminate, malung them impractical 
for large problems. 
The approach developed herein combines the advantages of both, the shear- 
deformation models and the discrete-layer models. It allows for discontinuities in 
the slopes of the deflectio~ls at interfaces, and the number of degrees of freed0111 
do not depend on the number of layers in the laminate. Unllke any other model, 
it also allows the construction of a sequence of models to satisfy the equilibrium 
equations to the desired degree of accuracy. In the limit it converges to the fully 
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three-dimensional solution. Depending on the goals of computation, the analyst 
can select the model that best fits the goals. Choosing progressively higher models, 
the computational effort increases, but of course the accuracy in the results is 
improved. If only structural response is required, a low-order mod4 is generally 
sufficient. 
Hierarchic sequences of models make adaptive selection of the model which is 
best suited for the purposes of a particular analysis possible. The advantages of 
the proposed models became apparent when comparing the results obtained from 
its implementation with those of the exact three-dimensional solution. 
1.1 The Finite Element Method in Two Dimensions 
The various plate theories (models) differ in the way the transverse variation of the 
displacement components is represented. The transverse variation of displacement 
components and the number of fields are decided a priori. The problem is to find the 
solution for the in-plane components of the &placement field. The finite element 
method is used to find the solution of the resulting two-dimensional problem The 
following notation will be used: The solution domain is denoted by L? and its 
boundary by I-'. Arl arbitrary displaceme~lt vector function defined on S2 is denoted 
by ii, its cartesian components by u,, uy ,  u,. The strain energy of i i  is denoted 
by U ( q ,  the energy norm of 17, by IlCll ,qq and the set of functions on 52 whlch 
satisfy the condition U (ii) < XI is denoted by E(Q). The potential energy of ii 
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is denoted by ll(.ii). A subset of E(S2) characterized by the finite element mesh 
A and the polynomial degree of elements p, is denoted by S,(A). The subset of 
Sp(A) which satisfies the prescribed kinematic boundary conditions is denoted by 
3, (A). The subset of Sp (A) which vanishes on those boundaries where essential 
boundary conditions are prescribed is denoted by 3;) (A) and the number of degrees 
of freedom, the dimension of $$))(A), by N,. The exact solution is denoted by iiEdy 
and the finite element solution is denoted by iiFE. 
Numerous variational principles can be employed for formulating the governing 
equations of an elasticity problem. For example, the principle of minimum po- 
tential energy, the principle of minimum complementary potential energy, and the 
Hellinger-Reissner principle are commonly used. However the most generally used 
formulation is based upon the total potential energy of the elastic body whch can 
be written as: 
where F(C) is the potential of the applied loads. bliximization of I2 on a space of 
admissible functions leads to a satisfaction of the equilibrium conditions. In the 
finite element method a finite dimensional space Sp (A) c E(R) is constructed and 
I2 is minimized on &(A). The resulting system of linear equations is represented 
by 
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where [Ill is the stiffness matrix, { a )  is the set of coefficients which chaacterize 
the finite element solution and { r )  is the load vector which represents the applied 
loads. 
In this study the displacement formulation of the finite element method is em- 
ployed in two dimensions. Proper selection of S,(A) is important because the 
performance of the numerical solution procedure depends on it. Most commonly 
S, (A) is constructed by one of the following approaches: 
1. In the h-version the errors of approximation are controlled by mesh refine- 
ment, that is the size of the largest element, usually denoted by b, is chosen 
small enough so that the errors of discretization are sufficiently small. The 
mathematical basis for thls is the limit process: 
lim ~ I ~ E x  - ~ F E I I  ~ ( 0 )  = 0. 
hmax- 
( 1.3) 
2. In the p-version the errors of approximation are controlled by increasing the 
polynomial degree of elements, that is the mesh is fixed and the lowest poiy- 
nornial degree assigned to elements in the mesh, denoted by h,, is chosen 
large enough so that the errors of discretization are sufficiently small. The 
mathematical basis for this is the limit process: 
3. In the hpversion the errors of approximation are controlled by mesh refine- 
ment and increase of the polynomial degree of elements. Therefore the h- and 
pversions are special cases of the hpversion. 
Orderly sequences of discretization by mesh refinement, increase of the polynomial 
degree of elements, or a combination of both, are respectively called 11-, p and 
hpextensions. The term extension refers to the progressive increase of the number 
of degrees of freedom in these processes. 
The decision of whether the h-, p or the hpversion should be used in a specific 
case depends on the nature of the exact solution ZEX . Further information related 
to the subject may be found in (11. 
Finite element models are comprised of three principd parts: Idealization, dis- 
cretization and extraction: 
1. Idealization. Idealization consists of the selection of the appropriate theory 
and the generalized formulation. Examples of theories are the linear the- 
ory of elasticity in two or three dimensions, engineering theories of beams, 
plates, shells and large displacement-small strain theory. Examples of gen- 
eralized formulations are: the principle of r~inimum potential energy and 
the Hellinger-Reissner principle. Idealization, together with the input data, 
completely determine the e..act solution ZEx. 
2. Discretization. Discretization creates a family of functions &(A). 111 solv- 
ing stress analysis problems, users of firlite element codes control the space 
8 
S,(A) and thereby the error of approximation. In solving design problems, 
users control both ZEEY and &(.A). 
3. Extraction. Extraction refers to the procedures used for the computation of 
engineering data from the finite element solution. Computation of engineering 
data involves the computation of functionals such as stresses and stress inten- 
sity factors. We denote the functionals of interest by Qi(CFE) (i = 1,2 ,  . . . , n). 
These fundionals provide the information on whldl enpeering decisions are 
based. It is important therefore that the errors in approximating these func- 
tional~ be acceptably small in the sense that they will not significantly influ- 
ence engineering decisions. In general we would like to have: 
where r, is the relative error tolerance chosen by the analyst. 
The analysis is completed when the computed data pass acceptance criteria set by 
the analyst. When the data do not pass the acceptance test then the discretization 
is modified, using information generated in the previous cycle of analysis and a new 
finite element solution is obtained. 
1.2 Plate Models 
In an increasing number of engineering applications, especially in the aerospace, 
marine and automobile industries, the use of structural components made of lami- 
nated composite materials has shown a g a t  potential. The most attractive prop 
erties of the composite materials are the ligh strength and stifiess to weight ratios 
and their excellent fatigue strength, which is combined with ease of fabrication and 
resistance to corrosion. 
Shear deformation effects are of critical importance in the analysis of laminated 
composite plates and shells. For thck laminated forms, or in the presence of lo- 
cal discontinuities, such as holes, reinforcements, etc., and at the boundaries, the 
transverse components of stress and strain have a strong influence on its strength. 
,At the boundaries, "boundary layer effects" occur that is, the stress distribution is 
substantially different from the stress distribution in the interior. 
Because the solution of the fully three-dimensional problem is computationaly 
expensive, and not feasible for practical problems, several ttvo-dimensional linear 
approximations have been developed. Most of the available methods of analysis 
for multilayered anisotropic plates and shells are extensions of the methods origi- 
nally developed for homogeneous isotropic plates and shells, and are based on the 
principle of virtual work in conjunction with an assurned displacement field. 
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Many laminated plate rnodels have been proposed over the years with vari- 
ous degrees of success. In the following sections, a review of the most important 
approaches will be presented. For each the review includes: 
(a) Description and assumptions; 
(b) Displacement field; 
( c )  Stress-strain law; 
(d) Met hod for obtaining the governing equations; 
(e) Advantages and disadvantages. 
The notation used is consistent with the one used to present the proposed model 
in Chapter 2 for the laminated strip. 
Many writers refer to alternative representations of plates and shells as theories. 
Thus, in the literature one encounters references to membrane theory, Kirchhoff the- 
ory, Reissner-Mindlin theory, etc. It is better and more descriptive to use the word 
'model' however, since one wishes to model the mechanical response by mathemat- 
ical means of various solid objects, one dimension of whch happens to be much 
smaller than the other two. 
1.2.1 Shear-Deformation Models 
Most high-order models for laminated plates are extensions of the classical plate 
model to account for the effect of the transverse components of strain in the plate. 
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The classid Kirchhoff plate model, extensively used 111 the analysis of thin isotropic 
plates, will lead to considerable errors when applied to laminated plates. Since the 
transverse shear moduli of modern composite materials are very low as compared 
with the in-plane moduli, the transverse shear deformation becomes sipficant, and 
cannot be neglected as in the case of homogeneous isotropic materials. The classical 
plate model underestimates deflections and overestimates natural frequencies. For 
plates with length to thickness ratio of 10, for instance, the classical plate model 
predicts natural frequencies 25% hgher than those predicted by shear-deformation 
models [2]. 
In this group of models, there are two main categories: The &st-order shear- 
deformation models, and the higher-order models. Firs t-order moclels general y 
provide reasonable good results for the structural response of the plate. However 
they fail to accurately predict the through thickness stresses at cliscontinuities. 
Higher-order models are more accurate than the fist-order models, but also more 
cumbersome and computationaly demanding. 
Shear deformation models do not account for contirluity of the normal and 
shear stress components acting on laminar interfaces. Lanlinates are represented 
as homogeneous, orthotropic ~lnterials, with the material properties selected so as 
to account for the average axial, shear arid bending stiffhess of the la.tni11ates. 
In the evaluation of first-order plate models, the miclclle surface of the plate is 
assumed to lie in the .r - y plane. The t\vedlmensional domain occupied by the 
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middle surface is denoted by S2 and the the boundary of S2 is denoted by I'. The 
th~ckness of the plate is denoted by h and the side surface of the plate is denoted 
by S, that is: S = I? x (- h/2,  +h/2). 
The displacement field is assumed to be of the form: 
where U , ~ ~ ( X , ) ,  u Z I 1 ( x ,  y), uylO(x,y), etc. ase functions to be determined. 
The strain-displacement relations of the small clisplacement-small strain theory 
are used: 
du, duz &lo 
Y z z  = - +- = u,11+- dz dx dx  
du, du, 
-+- h Z ( 0  = ,Uyll  + -. dz  dy ?!I 
These models are, essentially, extensions of the classical plate model, which is 
discussed fist. 
1.2.1.1 The Classical Plate Model 
The discussion of the classical plate model will follow the general outline of (11, 
and it will elaborate on isotropic plates. The extension to laminated plates will be 
included in the evaluation of the higher-order models. 
(a) The classical plate model (CPM), also known as the Kirchhoff-Love model 
assumes that ( ' N o d  to the middle d a c e  of the plate prior to deformation 
remains straight lines and normal after deformation". This is equivalent to consider 
neghgible the transverse shear strains, i.e. y,, = y,, = 0 in (1.13)-(1.14). 
(b) Under these conditions the assumed displacement field reduces to: 
Assuming transverse loading only, u,lo = uylo = 0, and denoting u,lo as w: 
then (1.6)-(1.8) can be written as: 
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(c) The stress-strain relations of linear elasticity, with the assumption that the 
stress a, is negligible in comparison with a, and a,, are: 
where E is the modulus of elasticity, v is the Poisson's ratio, and G %' E/2(1+ v) 
is the shear modulus. 
In the analysis of plates not the stresses but the stress resultants are of primary 
interest. The stress resultants are the membrane forces: 
the shear forces: 
and the moments: 
0, z dz, My "=" - L;r a, z dz 
Ad2, 121, are called benchg moments; iVx, is called twisting moment. From the 
strain-displacement relations (1.9)-(1.14), the stress-strain relations (1.22)-(1.23) 
and the stress resultants (1.24)-(1.27) we have: 
From the consideration of equilibrium of a plate element of size x Ay, we have 
Fry = Fyz and: 
where q(x, y ) is the transverse load over the surface of the plate. 
(d) The governing equations are obtained using the principle of virtual work. Tlie 
virtual work fornlulation is obtained by multiplying (1.36)-(1.40) by test fundions 
V Z I O ,  Vylo, VZIO , vZll m d  vyll, summing and integrating over domain 0. Upon inte- 
gration by parts the following equation is obtained: 
where vnlo, vtlo are the n o d  and tangentid components of the vector {vXlo  vy lO)  
with respect to the boundary. 
To obtain the standard form of the principle of virtual work B (u ,  V )  = 3 ( v ) ,  the 
expressions (1.28)-(1.35) are substitutedfor F,, F,, Qx, Q,, hfZ, Ady, A&, in (1.41). 
In B(u, v ) ,  u now represents the trial functions uZ1O, u y ( ~ ,  U ~ I O ,  ~ ~ 1 1 ,  uyp,  and v 
represents the test functions vZlO, vylO, vZl0, vZ/l ,  vylb The trial and test functions 
and their derivatives are square integrable so that a l l  integrals are properly defined. 
Substituting (1.19)-(1.21) into (1.41), the terms containing Q,, Q, carlcel and the 
following relations hip is obtained: 
def 
where: V,  - Qn -I- dMnt/dt, and 
is the plate constant. The integrals are well defined if w and v have square integrable 
second derivatives. Defining: 
and 
The set of functions for which B (u, u)  < cm is denoted by E(Q) . The statement of 
the principle of virtual work depends on the boundary conditions. When tractions 
are prescribed on the entire boundary then the principle of virtual work is stated 
as follows: "Find w E E(Q) such that B(w, v) = 3 ( v )  for all v E E(Q) ".
On the boundary of the plate either w or V, and either &I/& or ibf, are given. 
The restrictions on w and &/& are the kinematic boundary conditions. Com- 
monly used boundary conditions are: Fixed: w = dwldn = 0; free: ,R/I, = V, = 0: 
simply supported: w = 0, Adn = 0; symmetry: dwldn = Li, = 0; antisymmetry: 
same as simple support. Yote that in the case of simple support w = 0 on F hence 
&/a = 0 also and therefore ut = 0 on S, Thus both tangential displacenlent 
components are zero on S. 
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(e) As observed earlier, the classical plate model represents well the overall behavior 
of isotropic plates in the interior regions for 'large" length-to-thickness ratios. It 
leads to considerable error near the boundaries and when analyzing laminated plates 
because it fails in accounting for shear deformation effects. 
1.2.1.2 First-Order Shear-Deformation Models 
(a) The simplest of all the laminated plate models which are an improvement over 
the CPM is the Reissner- Mindlin type model, which incorporates the effect of shear 
deformation 131-[4]. The introduction of shear deformation into a laminated plate 
model was first accomplished by Stavsky [5], for isotropic layers with the same 
Poisson ratios. W t n e y  and Pagano [6] investigated the application to laminated 
plates consisting of an arbitrary number of bonded anisotropic layers, each having 
one plane of material symmetry parallel to the central plane of the plate. They 
found the deflections of the plate to be dependent upon the selection of the shear 
correction factor, and that the stress distribution did not improve for low span-to- 
depth ratios over that given by the CPM. 
(b) In the Rassner- Mindlin model the assumed mode of deformation is represented 
by the dsplacement components (1.6)-(1.5), and is described as f o l l o ~ ~ ~ :  b'A-l plane 
section normal to the nu'dcue srdace of  the plate before defonr~ation is ass~m~ed 
to remain plane but not necessarily nom~al to it after deformation. ". .Assuming 
U,IO = uyp = 0 and defining ,8, = -uzll, py = -uyll and w = u,lo: 
The physical interpretation of P, and P, is rotation. 
(c) Again, the stress-strain relations of linear elasticity, with the assumption that 
the stress a, is neghgible in comparison with a, and ag, is used for each layer. 
Q44 Q45 
(1.48) 
where Qij are the coefficients of the material stiffness matrix in the laminate coor- 
dinate system. Shear correction factors are used for the transverse shear resultants 
as discussed later. The definition of the stress resultants is the same as in (1.24)- 
(1.27). 
(d) The displacement field (1.46) predicts a uniform shear across the laminae, ~ h c h  
is incorrect. This prompted the introduction of a shear correction factor into the 
shear stress resultant. The derivation of the principle of virtual work is based on 
(1.41) and (1.31)-(1.35), however (1.31)-(1.35) are modified as follows for the case 
of cross-ply laminates: 
where the K is the shear correction factor and: 
GI = L;r QSS dr, G2 = L;r Q44 dz 
h / 2  
~ i j  = L12 Qijz2 dz, i, j = 1, 2, 6. 
Various values have been proposed for K. For isotropic plates for example, Reissner 
[7] proposed the value of 516. In [3] Mindlin considered the propagation of elastic 
waves in isotropic plates and concluded that K depends on Poisson's ratio, and it 
"ranges almost linearly from 0.76 for v = 0 to 0.91 for v = 1/2 ". In practice very 
often the value K = 5/6 is used, independently of Poisson's ratio. Modification of 
the shear modulus by a shear correction factor 6 is a modelling decision conunonly 
justified by the argument that the assumed linear variation of u, , uy with resped 
to z leads to a plate model which is overly stiff in shear. Similar range of values 
can be used for laminated plates depenlng on the material properties [6]. 
On substituting (1.49)-(1.53) into (1.41) we have: 
where: 
where v, vz, y, are the test functions. 
The commonly used boundary conditions are: 
a Fixed: P, = 6 = w = 0. 
a Free: Mn = 1x1 = Qn = 0. 
a Simply supported: 
1. Soft simple support: w = 0, Mn = = 0. 
2. Hard simple support: w = 0, Pt = 0, iVIn = 0. 
Symmetric: Pn = 0, Idnt = 0, Qn = 0. 
Antisymmetric: Same as hard simple support. 
Observe that in the Reissner-blincUin model simple support can be defined in two 
different ways, whereas in the Kirchhoff model only one definition is possible. In 
the IGrchhoff model simple support means hard simple support. 
(e) Despite the increased generality of the shear-deformation model, the flexural 
stress distribution show little improvement over those of the classical laminated 
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plate model. Higher order t e r n  are needed in the power series expansion of the 
assumed displacement field to properly model the behavior of the laminates. 
The performance of the first-order shear-deformation model is dependent on 
the factors used to adjust the transverse shear sti.f£ness. Several approaches have 
been proposed for calculating the composite shear correction factors for different 
laminates. Most of these approaches are based on matching certain gross response 
characteristics, as predicted by the first-order model, with the corresponding char- 
acteristics of the three-dimensional elasticity model [8]. The proposed correction 
factors are hc t ions  of the lamination parameters only. They do not account for 
the influence of the loading conditions in the distribution of the transverse shear 
strains in the thickness direction. an attempt to incorporate the actual dis- 
tribution of the transverse sheax strains in the thckness direction, in calculating 
the transverse shear stifiess, a predictor-corrector approach has been proposed by 
Noor [9] which is outhed in the following paragraph. 
The predictor phase consists of using a fist-order shear-deformation model to 
calculate the initial estimates for the gross response characteristics of the laminate 
(vibration frequencies, average though- the- thickness displacement, etc. ) as well as 
the in-plane strains and stresses in the thickness direction. .An initial set of com- 
posite correction factors are required in this phase. Then, the three-dimensional 
equilibrium equations and the constitutive relations are used to compute the trans- 
verse stresses and strains as well as the transverse shear strain energy distribution in 
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the thckness direction. The correction phase consists of calculating the composite 
shear correction factors by matching the integral of the transverse shear strain en- 
ergy in the thickness direction with that obtained with the firs t-order model. These 
composite correction factors are then used to adjust the transverse shear stiffness 
of the laminate to obtain better estimates for the gross response characteristics, as 
well as for the distributions of displacements and in-plane stresses in the thickness 
direction. The predict or-corrector approach appears to be effective for the determi- 
nation of the global and detailed response characteristics of mu1 tilayered cylinders 
[lo]' [ill. 
1.2.1.3 Higher-Order Shear-Deformation Models 
To overcome the limitations of the first-order shear-deformation model, hgher-order 
models that involve higher order derivatives of the transverse displacements were 
developed. These models proved to be more accurate but also more cumbersome 
and dernandmg on computational resources. A si@cant amount of research has 
been conducted in this field. For example, Whitney and Sun [12] included one 
additional term in each component of the displacement field given by (1.6)-(1.8) 
and derived the governing equations fro~n Hamilt on's principle. Lo, Christ ensen and 
Wu [13] included one addtional term per field as compared wit11 [12] and derived the 
governing equations using the principle of stationary potential energy. This rnodel 
does not require the use of shear correction factors. The same displacement field was 
used by Chomkwa.ll and Avula [14] but they derive the governing equations based 
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on the minimization of the total potential energy and using the Lagrange multiplier 
technique to constraint the displacement functions to satisfy the stress boundary 
conditions. M d y  (151 and Reddy and Liu [16] proposed a similar displacement 
field as in [13] and also imposed a parabolic Msiation of the transverse shear strains 
through the thickness to satisfy the zero tangential stress on the surface of the plate. 
The principle of virtual displacements was used to derive the equilibrium equations. 
The equilibrium requirements are not satisfied at the interfaces. Several survey 
papers can be found in the literature of laminated composites (see for instance [lo], 
The model presented by Reddy [15] was selected as representative of the higher- 
order shear-defonnation models to be evaluated in what follows. 
(a) This model accounts not only for transverse shear strains, but also for a 
parabolic variation of the transverse shear strains through the th~ckness, and con- 
sequently, there is no need for using shear correction factors. 
(b) the proposed displacement field is given by: 
where u,l,,, uzll, U ~ J O ,  etc. are independent functions. The functions uZp, u,p, uy12 
and uy13 are determined using the condition that the transverse shear stresses r,, 
and ry, vanish on the top and bottom surfaces of tlie plate. For laminated plates of 
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orthotropic materials, these conditions are equivalent to forcing the corresponding 
shear strains to be zero. From the conditions "i,,(z = i h / 2 )  = y,,(z = kh /2 )  = 0, 
the following relations are obtained: 
and the displacement field for Fkddy's model thus becomes 
(c) The constitutive equations incorporate the assumption that each layer possesses 
a plane of elastic symmetry parallel to the x-y plane. The constitutive equations 
for a layer are written in terms of the plane-stress-reduced elastic constants in the 
material axes of the layers. After tra1~formation~ the lamina constitutive equations 
are expressed in turns of stresses and strains in the global coordinates as follows: 
The stress resultants are defined as in (1.24)-(1.27), but because of the addi- 
tional texms in the displacement field selected, five extra resultants need to be 
defined. These are: 
& !?! L:r z2~,z dz, 4 d.l L:r - z2ryz dz (1.68) 
h/2 h/2 
z30, dz, Py LIZ z30, dz, PZy LIZ z3rZy dz (1.69) 
(d) As established before, the qudibrium equations are obtained using the principle 
of virtud displacements, i.e., 
where the integration is paformed over the entire domain of the plate. Introducing 
strain relations similar to (1.9)-(1.14) and the stress resultants mentioned above, 
(1.70) can be written as: 
Integrating by parts and collecting the coefficients of 6 ~ ~ ~ 0 ,  b u y l ~ ,bw, 6 ~ 4 1 ,  and Suyll, 
five equilibrium equations are obtained in terms of the stress resultants. 
(1.76) 
Finally, the stress resultants are related to the strain components and further to 
the generalized displacements, and the solution can be obtained after application 
of the boundary conditions. 
Reddy's model requires a total of six boundary conditions per edge. These 
include uoln or F,, U0lns 01. Ks,  w or Qn,  dwlan or P,, , ulltl or kin, Z L I  I,, or lvns. 
(e) Reddy applied the above model to obtain exact results for simply supported, 
symmetric cross-ply rectangular plates. These results were compared with the 
three-dimensional elasticity solutions of Pagano [18] and with those obtained using 
the first-order shear-deformation model of Ready and Chao [19]. It was shown that 
the higher-order model gives stresses that are greatly improved over those given 
by first-order shear-defornxition model. However the shear stresses obtained were 
found to be on the low sicle of the values given by the three-clinlensional solution. 
Thls error may be due to the f a d  that continuity of stresses moss  the interfaces 
was not imposed. 
1.2.2 Discrete-Layer Models 
All laminated plate models discussed above, assume that the displacements vary 
through the thickness of the laminate according to a single expression, not dowing 
for possible discontinuities in the derivatives of the displacements at the interfaces of 
adjoining laminae. In the discretelayer models the displacement field is expressed 
as piecewise linear functions in the thickness direction. Some of the work in this 
line is briefly described in the following paragraphs. 
Srinivas [20] considered an arbitrary number of layers, and described the dis- 
placement field as continuous and piecewisesmooth functions (smooth within each 
layer). No shear correction factors were introduced, but the number of fields equa- 
tions and edge boundary conditions depended on the number of layers. 
Di Sciuva (211 proposed a displacement field which allows piecewise linear va,ri- 
ation of the u, and u, displacements, and constant value of the u, displacement 
component. The assumed displacement field also allows the contact conditions at 
the interfaces to be satisfied, thus reducing the number of displacements parameters 
to five. This model does not require the use of shear correction factors, and the 
governing equations are obtained using a variational principle. The normal stress 
in the thickness direction is neglected, and as a consequence, local effects, such as 
boundary layer effects, geometric discontinuities, et c., are beyond the capabilities 
of the model. A multilayered anisotropic flat plate element was developed by Di 
Sciuva [22)  by making use of this formulation. The h t e  element is a redangle 
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with 32 degrees of freedom which include extension, bending and transverse shear 
deformation. Numerical tests carried out by Di Scum on two sample problems 
show that the element is very efficient in predicting gross response of thin and 
thick laminated plate under static loading. 
Toledano and Murakami [23] developed a model for arbitrary laminate configu- 
rations based upon Reissner's [24] new mixed variational principle for displacements 
and transverse stresses. They assumed a piecewise-linear in-plane displacement dis- 
tribution to guarantee continuity of interlaminar stresses. Transverse displacements 
are taken to be constant throughout the entire thickness of the plate. Therefore, 
shear strains are constant within each layer, but differ from layer to layer. The 
transverse stresses are assumed to be quadratic fundions of the local thickness co- 
ordinate across each layer. The application of Reissner's new principle results in 
automatically yielding the appropriate shear correction factors for the transverse 
shear constitutive equations. Numerical results were obtained for symmetric, anti- 
~~vrnmetric, and arbitrary laminates in cylindrical bending and were compared with 
the exad three-dimensional elas tidty solutions. A good agreement was observed 
between the two sets of results. The main shortcoming of t h  model is that the 
number of field equations and boundary conditions depend upon the number of 
layers. 
Bhaskar and Varadant [25] also proposed a model using a piecewise displacement 
distribution for symmetric laminates subjected to antisymmetric loading. For the 
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u, and u, displacement components they selected unknown functions of the in-plane 
coordinates, multiplied by pre-defined polynomials of degree three in the transverse 
direction and multiplied by the Heaviside Unit Step Function and summing over 
the plate interfaces. The variation of u, is assumed to be quadratic in z ,  and the 
same for all layers. The assumed displacement field satisfies the displacement com- 
patibility at interfaces and the zero shear condition on the free surfaces of the plate. 
Stress continuities at interfaces are also enforced to solve for the functions of the 
in-plane coordinates. The principle of minimum total potential is used to derive 
the governing equations. The total number of independent variables is four. The 
model was compared with the exact three-dimensional elasticity solution of a lami- 
nated strip under cylindrical bending for large ( L l h  = 50) to medium ( L l  h = 12.5) 
length-tethickness ratios. The agreement between the two sets of results is very 
good. 
Barbero and Reddy [26] developed a model allowing for piecewise approximation 
of the displacements through individual laminae. For the u, and u, displacement 
components they assume one function which depends on the in-plane coordinates 
x and y, and represent the displacement of the reference plane of the laminate, 
and other set of functions depending on x, y and t, which vanish in the reference 
plane. These later functions are e.upressed as a linear conlbination of undeternlined 
functions of (x, y ) and known functions of 2 .  The nunher of these later functions 
depending on the number of layers. Trulsverse dlsplacenlents are taken to be 
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constant throughout the entire thickness of the plate. T l ~ e  proposed displacement 
field has the form: 
where u, (x, y) , uy (x, y) , u, (x, y )  axe the displacement of a point (x, y ,0)  on the 
reference plane of the laminate, and U, and Uy are functions which vanish on the 
reference plane: 
U Z ( ~ , Y , O )  = ~ Y ( X , Y , ~ )  = 0 
The functions U, and lJ, are expressed as: 
where 4] are any continuous functions that satisfy the condition: 
In a finite element approximation, $j denote the global basis functions. 
The equihbrium equations are derived using the principle of virtual displace 
ments, rendering a set of (2n + 1) differential equations, n being the number of 
layers through the thickness. The same number of boundary conditions need to 
be specdied. The application of tlis moclel to a two-layer cross-ply plate strip in 
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cylindrical bending and to a rectangular plate of three orthotropic layers show excel- 
lent agreement with the corresponding three-dimensional elasticity solutions. The 
model gives accurate interlaminar stress distributions, even for very thick (L/ h = 4) 
plates. The main shortcoming of this model is that the number of equations and 
boundary conditions depend on the number of layers in the laminate. 
1.2.3 Hierarchic Models 
The first rigorous proof of the relation between the three-dimensional solution and 
the plate model was p e n  by Morgenstem [27] in 1959. The construction of hier- 
archic models for homogeneous isotropic plates and shells was discussed by Szab6 
and Sahrmann in [28]. Additional discussion and examples are available in [29], 
[I], [30], [31]. In this work the principles governing the derivation of a herarchic 
sequence of models for laminated composites are presented. Once again, the ex- 
act solution corresponding to each particular model is viewed as an approximation 
to the problem of elasticity in which the elastic body is comprised of orthotropic 
l a .  The basis for approximation is the degree to wlich the equilibrium equa- 
tions of the problem of elasticity are sa tded.  Hierarhc sequences of models make 
adaptive selection of the model which is best suited for the purposes of a particular 
analysis possible. 
The essential features of the lierardlic models are as follo\vs: 
1. The exad solutions corresponding to the hierarchic sequence of models con- 
verge to the exact solution of the corresponding problen~l of elasticity for a 
fixed laminate thickness, 
where i represents the ith model of the hierarchic sequence and 1 1  . 1 1  E(n) is 
the energy norm. 
2. The exact solution of each model converges to the same limit as the exact so- 
lution of the corresponding problem of elasticity wit h respect to the laminate 
thickness (h) approaching zero. 
3. When u!:) is smooth: 
where C is a constant, independent of i; a, is a constant whlch depends on i, 
and ai+l > ai. 
These requirements are important because, typically, the solution of the problem 
of elasticity in the interior regions of the domain a.11 be approximated well by the 
lowest in the hierarchic sequence of moclels but near the boundaries higher models 
are needed. 
In order to focus on the essentials, the derivation for the case of laminated strips 
is presented first (Chapter ?), and the more general case is presented in Chapter 1. 
Chapter 2 
Laminated Strip 
As mentioned earlier, hierarchic models for homogeneous isotropic plates and shells 
were discussed by SzaM and S a . h r m a ~  in [I]. The hierarchic models proposed in [l] 
satisfied the requirements 1 and 3 indicated in Chapter 1, but satisfied requirement 
2 only in the case of zero Poisson's ratio. The modifications needed to satisfy 
condition 2 were danfied later by BabuSka and Li [ 2 ] .  Additional discussion and 
examples are available in [3], [4]. In this Chapter the principles governing the 
derivation of a hierarchic sequence of models for laminated strips are presented. 
Once again, the exact solution corresponding to each particular model is viewed 
as an approximation to the problem of linear elasticity in whch the elastic body 
comprises orthotropic laminae. The basis for approximation is the degree to whch 
the equilibrium equations of the problem of elasticity are satisfied. 
In order to focus on the essentials, the derivation presented herein is for the case 
of laminated strips only. Since plane-s trait1 conditions are considered, this problem 
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represents a particular case of the three-dimensional elasticity problem The more 
general case will be presented in Chapter 4. 
2.1 Hierarchic Models for Laminated Composites 
Consider the infinite strip shown in Fig. 2.1, consisting of three or more laminae 
which are symmetrically arranged with respect to the middle plane. The following 
assumptions are made with respect to the the load: 
1. The load q(x)  is antisymmetric with respect to the middle surface. 
2. The load q(x )  = 0 for 1x1 2 L/2, L is some fixed number 
3. The equilibrium equations are satisfied: 
Assumptions (2)  and (3) are introduced so that boundary conditions do not 
have to be considered. Boundary conditions 1111 be discussed separately. We will 
be interested in the limiting process h / L  -+ 0. Observe that k g  L and letting 
h -. 0 is equivalent to h n g  h and letting L -t m. 
Let u,(x, y),  u, (x, y)  denote the displacement field for the infinite strip under 
the normal load q(x) ,  satisfying the equilibrium equations (with zero body forces): 
Figure 2.1: Infinite strip. Notation. 
and with boundary conditions: 
The stress-strain relations of two-dimensional elasticity are used: 
where the E, are only function of y, and the strains are related to the displacements 
(small-strain, small-deformation theory ) by: 
We now consider a partial Fourier transformation of the problem described by 
(2.2)-(2.5). For any integrable function q(x), we can write the Fourier transform 
as: 
therefore, conditions (2.1) are represented by: 
From (2.8) we find that: 
Q1(P) = 2 P Q(P) 
that is, the derivatives become multiplications by i ,f3 in the Fourier transformed 
variables. The partial Fourier transformations of u,, uy are denoted by: 
Therefore, the strains in the transformed variables are obtained using (2.7) and 
(2.11), (2.12): 
where the primes represent mfferentiation with respect to y. Sul~stituting (2.13)- 
(2.15) into (2.6). and consiclerirlg the case Er = Es = 0 (which is the case for 
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orthotropic materials when the material axes are parallel 14th the x - y axes), the 
equilibrium equations (2.2), (2.3) can be written as: 
which are the Fourier transformed f o m  of equations (2.2), (2.3). Further, (2.4) 
and (2.5) become: 
Note that for any fixed /?, (2.16)-(2.19) is a parameter-dependent boundary value 
problem on (- h/2, +h/2), with parameter P. Solving (2.16)-(2.19), the displace- 
ment components u, , u, are obtained as the inverse Fourier transform of $(P, y ), 
Y). 
Formally, (2.16) and (2.17) can be alternatively obtained by assuming the dis- 
placement field to be of the form: 
where U,, U,  are complex functiorls, aid both the real arid inmgir1a-y parts repre- 
sent admissible displacements. In suidi a case, using (2.6) and (2.7) into (2.2) (2.3), 
the following equilibrium equations are obtained: 
These equations must hold for any choice of x. Therefore, they are formally identical 
to (2.16), (2.17). 
The displacement field minimizes the potential energy func t ional 
over the subspace P (R) : 
where q5j, qj are given functions. If we denote the eu;td solution of the model of 
order n by 172,~~ we select the functions $ j ,  +j such that the modeling error: 
i.e., the relative difference between the model of order n (different ni for u, and u, 
are possible) and the exad solution in energy norm, is such that a, is not larger for 
any other set of functions dj, The optimal functions are those which maximize 
the rate of convergence (a,) of the model of order n. 
It has been shown in reference [5] that the functions cp(/?, y ) ,  $(jj, y)  admit 
an expansion about p = 0 with coefficients which are certain functions of y, and 
that the $j, qj in (2.25) must be these coefficient functions to naximize a,, . It is 
also shown in (51, that it is not necessary to use the boundary corlditio~ls (2.18), 
(2.19), only the homogeneous equations (2.16) and (2.17) are needed to obtain these 
functions. 
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The functions $(P, y )  and $(P, y )  are complex functions of the form 
where 4, , $b are antisymmetric real functions, and $a and & are symmetric real 
functions with respect to the middle surfam of the strip, i.e. the x-axis. Expanding 
$(P, y ) ,  $(P, y)  into a power series with respect to p: 
$(8, Y )  = [ ' $ ' ~ o ( Y ) + ~  $bO(y)]+P[$al (Y) +i '$'b1(y)]+p2[$'a2(~)+i $ b 2 ( ~ ) ] + .  ' . ( 2 - 3 )  
On substituting (2.29) and (2.30) into the eqdibrium equations (2.16) and (2.17) 
and separating into real and imaginary parts we have: 
The real part of (2.16) is: 
The imaginary part of (2.16) is: 
The real part of (2.17) is: 
The imaginary part of (2.17) is: 
These equations hold for any choice of P. In many practical problems the 
material properties axe symmetric functions of y, for example, as noted earlier, 
the strip may comprise laminae which axe symmetrically manged with respect to 
the x-axis. For the sake of simplicity only the syxmnetric case is considered in the 
following. 
2.1.1 The Model Characterized by /3" 
Setting = 0 in equations (2.31) to (2.34) we have: 
Knowing that qhao (y ) and dbo (y) are antisymmetric and $aaO ( g )  and ho ( y) are sym- 
metric, and integrating, we have: 
where 
Referring to (2.25) the case ,d = 0 yields: 
The real and imaginary parts are not linearly independent, hence both lead to the 
same functional form. One possible choice for ull 1, uYp are constants. For instance: 
and the strain terms corresponding to these displacement components are E ,  = 0, 
ey = 0, T~~ = a0 l$' where, as before. the prime represents differentiation with 
respect to y. This corresponds to constant shear stress, specifically: T,, = ao. 
Observe that this displacement field cul represent rigid body displacement but 
cannot represent rigid body rotation. When E6(g) = E6 is constant then tllis 
model is capable of representing 1igic1 body displacement and rotation. This is 
because the displacement components 
where Cl, C2, C3 are arbitrary constants, are represented by the model. Never- 
theless, the model represented by (2.40), (2.41) is not a member of the hierarchic 
sequence of models because it does not satisfy the requirement that the exact sc>- 
lution of each member of the hierarchy must converge to the same limit as the the 
exad solution of the corresponding problem of elasticity with respect to h -+ 0. 
T h ~ s  point will be discussed in greater detail in Section 2.4.1. 
2.1.2 The  Model Characterized by P' 
To find the mode of deformation for the model which satisfies the equilibrium 
equations up to the first power of p, we differentiate equations (2.31) to (2.34) with 
respect to p and let p = 0. In t h  case the following equations are obtained: 
Using (2.38), (2.46) can be written as: 
Solving for $al (y) and using the fact that (y ) is antiswvnmletric: 
From (2.47), using (2.38): 
[E6(dil + 4a0)I1 = O 
E6 (d',, + G a o )  = bl 
From (2.48), using (2.37): 
Integrating once: 
E3+i, =hy+bo&&(~) + fi 
and solving for : 
Since the thud term is antisymnletric. fl = 0. Then, 
$a, (Y)  = b~ FI (y) + C I .  
Sirmlarly, integrating (2.49) twice: 
Pbi (Y) = -ao F! (Y) + dl 
where 
The displacement field in tiis case is given by: 
Further discussion of this model is deferred to Section 2.4.2. 
2.1.3 The  Model Characterized by ,@ 
To find the mode of deformation corresponding to the model whlch satisfies the 
equilibrium equations up to the second power of P, we differentiate equations (2.31) 
to (2.34) with respect to ,!? twice and let ,D = 0. The following equations are 
obtained: 
(E64hZ)' - (E6'$bl)' - &'$;I - &@a0 = 0 
(E6@L2)' + (Es$al)' + - E ~ Q ~ o  = 0 
(E3&2)' - (&4bl)' - - E6Qa0 = 0 
(E3$6)' + (Ezdal)' + E6#:1 - E ~ v ~ o  = 0. 




t dt .  F3'Y' 1 q j  
Therefore the displacement field can be written in the form: 
This mode of deformation satisfies both the real and imagnary parts of the equi- 
librium equations up to the second power of P. By continuing thls process, the 
equilibrium equations c m  be satisfied to an arbitrary power of 8. For additional 
details, see Appendices A and B. 
2.2 The Boundary Layer 
The foregoing analysis \as concerned with an idimte strip and therefore the bound- 
ary conditions did not have to be considered. Terms which can be neglected for 
an infinite strip can be very significant near the b o u ~ ~ c l q  of a strip of finite size, 
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however. Therefore, in the neighborhood of boundaries, the exact solutions of low- 
order models can differ very substantially from one another and from the limiting 
case, i.e., the exact solution of the problem of elasticity. This sensitivity of exact SG 
lutions corresponding to various models in the small neighborhood of the boundary 
is called the boundary layer effect or edge effect. 
B o u n d q  layer effects are important from the point of view of engineering 
analysis because often the goal is to determine moments and shear forces at the 
boundary where the solution is model-dependent. An analysis of boundary layer 
effects for the Reissner-i&dlin plates is available in [6]. In the case of laminated 
plates the problem is even more complicated, due to the singularities caused by the 
material interfaces. To account for boundary layer effects, it should be possible to 
expand the laminate model near the boundary: The power of /3 near the boundary 
should be larger than the one used in the interior regions of the laminate. The 
answers to the questions: How much larger it needs to be, and what power of P is 
large enough far from the boundaries, are problem-dependent and can he found, in 
general, at the end of an adaptive process only. 
Hierarchic models provide a framework for adaptive control: Let us rewrite 
(2.77), (2.78) in the following fo~nl :  
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where f i ( y )  = Fo(y) and f i ( y )  = a1 f i ( y )  + a2 y with 01, a2 selected such that 
f 2 ( y )  is orthogonal to f i ( y ) :  
Similarly, f3 ( y )  = a1 fl ( y )  + 0 2  f 2 ( y )  + a 3  & ( y )  with a l l  a2, a 3  selected such 
that f 3 ( y )  is orthogonal to f i ( y )  and f 2 ( y ) ,  etc. In this way on the kth element 
( x k  < x < xk+l)  we expect: 
as i + m very fast on those elements where the solution of the problem of elasticity 
is smooth and slowly where it is not smooth. Adaptive selection of models is based 
on making measures, such as this, very nearly equal over the entire solution domain. 
2.3 Boundary Conditions for Hierarchic Models 
The main motivation for using hlerarchic models is to make adaptive control over 
errors of idealization possible. The sequence of exact solutions corresponding to a 
hierarchic sequence of models converges to the exact solution of the model based 
on the theory of elasticity. Since the exact solution depends on the boundary 
conditions, proper interpretation of the boundary co~lcfitions is important. In en@- 
neering analyses the choice of boundary conditions is usually a modelling decision, 
i .e., a convenient simplification of some possibly complicated physical conditions. 
In using hlerarchic models the choice of boundary conclitions must be such that the 
49 
solution of the problem of elasticity exists. Also, since the choice of boundary con- 
ditions affects the smoothness of the exact solution, hence the degree of difficulty 
encountered in controlling the errors of discretization, if modeling considerations 
allow alternative choices then the interpretation leading to the smoother solution 
is preferable. 
Consider, for example, the problem of enforcing the boundary condition which 
allows no transverse displacement but allows rotation of the laminated strip at 
(say) x = e. In the terminology of structural analysis this is called simple support. 
There are several possible interpretations. One possible interpretation is: u,(Q, y )  
is unrestricted and: 
i.e., the transverse displacement of every point of the strip is zero at x = Q. Another 
possible interpretation is: u, (t', Y) is unrestricted and: 
i.e., only the average displacement in the y-direction is set to zero. 
Certain interpretations of simple support are ruled out by the condition that the 
corresponding problem of elasticity would not have a solution. Thus the co~ldition 
uylo(l) = 0, with uyli(t') (i = 2 , 3 , .  . .) are unrestricted, is generally not adnissible 
because tlis would correspond to a point support. Point supports are permissible 
as constraints against rigid body displacements and rotations only. 
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Analogous considerations apply to other types of boundary conditions. For 
further discussion we refer to [3]. 
2.4 The Limiting Case with Respect to ,B -+ 0 
One of the requirements for the hierarchic models is that the exad solution of each 
model must converge to the same limit as the exact solution of the fully three- 
dimensional model when the laminate thickness approaches zero. 
In the following Section it is shown that the exact solutions of the models 
corresponding to ,@ and differ from the exact solution of models corresponding to 
,P with n > 2, when ,8 + 0 unless some coefficients of the material stifEness matrix 
are modified. Guidelines are established for modifying the material coefficients such 
that the requirement represented by the equation: 
(HMIi) ( 3 4  
l l u E x  - U ~ , ~  11 ~ ( n )= 0, lirn i = l , 2  , . . .  
h40 I I ~$? I IE~~ I  
is satisfied. This is a generalization of the rationale used in the construction of the 
Reissner- Mindlin model for isotropic strips outlined 111 [3]. 
2.4.1 The Model Characterized by Po 
Tlle exact solution minimizes the potential energy wit11 respect to all functions 
~ ~ 1 1 ~  uyp for \vlich the strain energy is h t e :  
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where the prime on u,ll, uy10 represents differentiation with respect to x and the 
prime on Fo represents differentiation with respect to y. We denote: 
Observe that, given the definition of Fo in (2.39), Cl is of the order h3; C2, C3 and 
C4 are of order h. Therefore these constants can be written in the following form: 
The f i s t  variation of I2 with respect to uzll is: 
and the corresponding Euler equation is: 
Similarly, the Eder equation corresponding to the first variation of l with respect 
to uylo is: 
- h liq u ; , ~  - h K3 uiI1 = q .  
If we now apply Fourier transform to (2.91) and (2.92), the following eqressions 
are obtained: 
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where UZl1(<) (resp. UylO(()) is the Fourier transform of u,l1 (resp. uyp) and Q(J) 
is the Fourier transform of q(x). Solving (2.93) for UZI1 and Ugp: 
,f 
D ( 0  u.11 =B(t) Q; D ( 0  UYlo = C(0 Q 
where: 
On dividing the first of (2.94) by - i J h K3 and the second by h 1i2 the following 
expressions are obtained: 
On performing the inverse Fourier transform, we have: 
The sigdicance of (2.100) and (2.101) is that the e.uact solution satisfies these 
equations hence these equations characterize the model corresponding to P. 
2.4.2 The Model Characterized by 13' 
In thls case taking the the displacement field gven by (2.65) and (2.66), the poten- 
tial energy functional is determined in the sanle \my as for the 3' case. T&ng the 
where: 
first variation of l with respect to each one of the displacement field components 
uxll, uXl2, uylo and ~ ~ 1 2 ,  and applying the Fourier transform to the resulting Euler 
equations, the following expressions are obtained: 
- h31Gt2 + h l &  i ( h I i 3  h31i5(2+hIi3 zh3( ( I<1 l -KG) -  0 
Solving (2.102) for Ux12 and Cry 1 0 :  
- i ( h K 3  h  I(4 t2 -i h t 1 i 4  h3t2 I(12 
h31i5t2+hIi '3 i ( h K 4  h31(8(2+hIih ih3t(Ii12-Ii'7) 
- i h 3 ( I l l  - I )  h3(21i'12 - i h 3 ( - I )  h 5 ( 2 1 i l ~ + h 3 1 i g -  
where: 
[;I=[ Q h2G1 :1 
( 2 . 1 0 2 )  
Assuming that the solution is sufficiently smooth, and letting h - 0 for # 0 we 
can neglect hlgher order terms in the above expressions: 
where: 
On substituting into (2.112), and performing the inverse Fourier transform, the 
following equations are obtained: 
and similarly for the other two equations: 
where N< = I(7 (li, Iill + IC3 ICT - Ii4 I<6 - Ii3 I<,2) + I& (IC4 I(S - 16 16). Since 
q(x)  satisfies the equilibrium equations on 1x1 5 L / 2  and q(z) = 0 for 1x1 > L / 2 ,  
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on integrating (2.122) it is clear that uzl = 0 for 1x1 > L/2. The same is true for 
uy12: 
1 
uy12(x) = - I t  q(s) dsdt (1<7 - 16 16 /1G) h3 - ~ / 2  -~ / 2  
1 Z 
- 
- (IG - rcs h3 1 L , 2  q(t) (x - t )  dt. (2.124) 
For the integral identity used in (2.124) see, for example, eq. (lo),  p. 225 in [7]. 
In fad, since the strain energy is bounded, al l  functions u,l, and uyl, (i = 0,1, . . .) 
have to decay as 1x1 -, co, with the exception of uz12 and uyp,  which contain the 
rigid body displacement and rotation terms. Therefore the u212 and uylo are the 
dominant functions. Observe that these are the two functions which appear in the 
model characterized by Po, see equations (?.loo), (2.101). 
2.4.3 The Model Characterized by P2 
When the equilibrium ecluations are satisfied up to the second power of P, the 
displacement field is given by (2.77) and (2.78). Note that Fl (9) and F3(y) are 
both of order h2. ?ris is the &st model for which the expressions representing the 
mode of deformation (see equations (2.77) and (2.78)) contain the co~llplete set of 
coefficients up to the second power of h. Tlle Euler equations for the dominant 
functions u,p and uylo are as  follom: 
where: 
and thus, using (2.106); 
The procedure for obtaining these equations is the same as the procedure used 
in Sections 2.4.1 and 2.4.2 but the details are omitted here. 
2.4.4 Hierarchic Models Characterized by Po and P1 
On comparing equations (2.120), (2.121) with (2.125), (2.126) it is clear that the 
model characterized by P1 does not converge to the same lirnit as the ,b2 model 
with respect to h + 0. The reason for this is that the model characterized by ,B1 
does not contain the complete set of coefficients in h2 for the u, expansion. In 
order to satisfy the requirement represented by equation (2.85), it is necessary to 
substitute for 1q/1(9 in (2.120) and (2.121). Thus, through the simple device of 
modifying coefficients which represent material properties, the hierarchic sequence 
of models is extended "do~vnwa.rd": Solving for only four udinown functions of a 
single variable (i.e., u Z 1 1 ( x ) ,  u Z I 2 ( x ) ,  u y p ( x ) ,  uy12 (x ) )  the same limiting solution is 
obtained with respect to the h + 0 as if the problem of elasticity had been solved. 
On comparing equations (2.100) and (2.101) with (2.125) and (2.126),  it is seen 
that, for the model characterized by ilp to converge to the sane limit as the model 
characterized by P2 it is necessary to have: 
and 
The condition 1<4/1<3 - I(3 = 0 (which is the same as the first of (2.130)) is 
satisfied if Es (y) is replaced by a constant value. From the point of view of the 
limiting solution with respect to h + 0 it is immaterial which constant value is 
used since the essential coefficient, (160 - &), is independent of E6, (see equa- 
tion (2.128)). For finite values of h, on the other hand, it is important to use some 
"reasonable" replacement for E6. For example, we may replace E6 by its average 
d u e  E ~ ,  d&ed as: 
Another possibility is to select the replacement for E6(y) such that the fundion 
Fo(y)  defined by (2.39) will be unclianged at y = h/2: 
and thus we may replace E6(y)  by the harmo~lic average, denoted by ~ 6 :  
The harmonic average is less than or equal to the average. Therefore, using E6 
instead of & has the effect that the shear stifiess is generally smaller. which is 
analogous to introducing a shear correction fador, less than or equal to unity, in 
the Reissner- Mindlin model for isotropic plates. 
Oberve that when Es(y) is replaced by a constant value, which is one of the 
requirements for the model to be a member of the hierarchy, then Fo ( y ) and y are 
not linearly independent, and we can write Fo = y instead of (2.39), hence from 
(2.87) to (2.89): 
and therefore conditions (2.129) and (2.130) are satisfied when the material constant 
El is replaced by (El - E22/&) for each lamina. That is, the correct limiting case 
can be obtained for the simplest model, i.e., the model corresponding to ,#' , through 
modification of the material properties. 
That these modifications provide the correct limiting case for laminated strips 
is demonstrated by numerical examples in next Chapter. 
Chapter 3 
Solution of the Strip Model 
This Chapter is devoted to the numerical vdca t ion  of the models developed 
in Chapter 2 for the laminated strip. First, a description of the finite element 
implementation is discussed. The dimensional reduction accomplished by proper 
selection of the transverse functions made it possible to uncouple the x and y 
parts of the fields. Therefore the numerical solution requires only to solve a one- 
dimensional problem Second, e?ramples are presented in whlch the ability of the 
hierarchic sequence of models is demonstrated. 
3.1 The Numerical Problem 
In t h  Section the numerical problem for the computation of functions uZ1, (x), 
u.12 ( 2 )  ,. . . , uylO(x), Z L ~ ~  (x), . . . for the hierarchic sequence of models is formulated. 
The formulation is based on the pversion of the finite element method. Consider 
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the strain energy per unit width associated with the Icth element of the laminate 
of length lk . 
where m is the number of layers in the lcth element. 
The functions Uz,i and uyli in (2.77), (2.78) are written in terms of the basis 
functions as follows: 
where a?) and by' are constants, p is the polynomial degree of the 2-direction 
expansion, and Nj(E) are basis functions for the ( p  + 1)-dimensional space 9. 
By definition, 9 is the space of polynomials of degree p on the standard element 
O,, {< I - 1 2 f 5 +I}. Specifically, the following basis functions are used for 
where $j(<) is defined in terms of the Legendre polynomials PI- 1 
For de tds  we refer to [I]. The k%h element is mapped onto the standard element 
by the transformation: 
from which: 
where lk d=d XC+I - xk. Using equations (2.7) and (3.2), (3.3) and the condition that 
the equilibrium equations are satisfied up to the second power of P,  we have: 
or, in short hand; 
(€1 = [Ql { a ) .  
The strain energy for the nth lamina of the kth element is: 
or, in matrix f o m  
1 u,, = - [a] [1i+j("lk){a} (3.11) 2 
where is the material stiffness matrix for lamina n of the kth element, and 
is gven by: 
and [1fl("lk) is the stf iess matrix for lamina n given by: 
The fkst submatrix of (3.13) is computed as follows: 
Evaluating the integrals in the y-direction, and defining: 
we can write [ICl1] in the following way: 
The other subrnatrices in (3.13) are defined similarly (see Appendix C). The 
size of each submatrix is 0, + 1) ( p  + 1). The number of submatrices depends on 
the number of term in the expansion of the displacement field. For example, for 
,@ there are 21 independent subrnatrices. Finally, the stiffness matrix of the lcth 
element of the laminate is the sum of the stiffness matrices of each lamina in that 
element. Thus: 
where M is the number of elements in the mesh. The strain energy of the lcth 
element can be written in matrix form as: 
1 &(Z) = - LaJ [1<1(') { a }  2 
where [a] is the vector of the unknown coefficients of uzli, uyli. 
Writing the displacement components in the form (2.79), (2.80) and orthogonal- 
izing the functions which represents the transverse variation of the displacement 
components, as in (2.81), serves to reduce the condition number of the stifiess 
matrices. 
The potential energy functional II(4 is d&ed as follous: 
where U(C) = =El Uk (17) is the strain energy of the laminate, 3(Z) is the potential 
of the external loads, and .Care the displacement functions expressed in ternls of the 
&own coacients a, , b, , as indicated in (3.2) and (3.3). The functions u,l,, uy,, 
which minimize the potential energy of the system are found by setting 
The potential of the e x t d  loads per unit width of the laminate can be written 
as: 
where T, and T, are the tractions applied to the outer surfaces of the laminate in 
the x- and y-directions respectively. Considering the case of antisymmetric loading, 
T, = 0, and using the mapping (3.6), we can write: 
Using the expansion (2.77), (2.78) and the mapping (3.6), the potential of the 
external forces can be written in matrix form as follows: 
where { R) is the load vector (see Appendix D for details). Substituting (3.20) and 
(3.26) into (3.21): 
and, after applying the conclitions (3.22), we get: 
[Ill { a }  - {R}  = 0 (3.28) 
which is the system of simultaneous linear equations from which the coefficients of 
the unknown functions uzp and uy(i are computed. 
3.2 Examples 
Two representative model problems are discussed in the following. For the fkst 
model problem the solution is smooth. For the second model problem stress singu- 
larities occur at the boundaries. 
3.2.1 Model Problem I: The Infinite Strip 
Consider an Infinite strip composed of perfectly bonded orthotropic layers, sym- 
metrically distributed with respect to the middle plane, i.e. the x-axis (Fig. 3.1). 
Two cases will be discussed in the following, in one case the number of layers is 3 
in the other the number of layers is 5 .  
Figure 3.1: Model problem 1: Notation for the case of tlrree layers. 
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The body is assumed to be in state of plane strain with respect to the xy 
plane. Antisymmetry condtions are imposed at x = 0 and symmetry conditions 
are imposed at x = l/2. These boundary conditions are equivalent to a simply 
supported finite strip of length l, which is symmetrically loaded (with resped to 
x) about x = l/2. Uniform load is applied as a n o d  traction to the top and 
bottom surfaces of the strip. All layers in the laminate are of equal thickness t ,  
and are of a square symmetric unidirectional fibrous composite material possessing 
the following stiffness properties, which simulate a high-modulus graphite/epoxy 
composite: 
EL = 25.0 x lo6 psi & = 1.0 x lo6 psi 
GLT = 0.5 x lo6 psi Gm = 0.2 x lo6 psi 
where L indicates the direction parallel to the fibers, T is the transverse direction, 
and VLT is the Poisson ratio (i.e., VLT = -em/eLL, where em, E L L  are, respectively, 
the n o d  strains in the directions T and L). These material properties were 
selected from reference [18]. 
For the three-layer laminate the Ldirection coincides with the x-direction in 
the two outer layers, while the T is parallel to the x-direction in the central layer. 
For the five-layer laminate the Ldirection coi~lcides with the x-direction in the 
central and in the two outer layers, while the T is parallel to the x-direction in the 
other two layers. This arrangement of laminae is designated as 0/90/0/90/0. 
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The functions of main interest for this problem are the longitudinal and trans- 
verse stresses (a, and a,) at x = t / 2 ,  the sheax stress rZy at x = 0, the deflection 
uy at x = t / 2 ,  and the horizontal displacement u, at x = 0. 
In order to establish a reference solution which can be regarded as being suf- 
ficiently close to the exact solution of the problem of elasticity, the problem was 
solved using the finite element program MSC/PROBE and an experimental pro- 
gram in which the algorithm described in Chapter 2 is implemented. In the ref- 
erence solution obtained with MSC/PROBE each layer was discretized as a t w ~  
dimensional plane strain element with orthotropic material properties. Three or 
five finite elements were used and the solution was obtained for p ranging from 1 
through 8. For all L/ h ratios the estimated relative error in energy norm was below 
1% at p = 8. The solution corresponding to p = 8 will be used as the basis for 
comparison. The solutions corresponding to the proposed hierarchic models were 
obtained using only one laminated element. The polynomial degree was varied from 
1 through 8 and the equilibrium equations were satisfied up to powers of ,B ranging 
from 0 to 3. 
The model that satisfies the equilibrium equations up to the zeroth power of P 
was nlodified as indicated in Section 2.4.4. Tlle transverse shear ~rlodulus of each 
'MSC/PROBE: User's Manual ,  T h e  MacNeal-Schwendler Corpora t ion ,  1600 S. Brentwood 
Blvd., Su i te  840, St. Louis, Missouri 63144. 
layer was made equal to the harmonic average & . In the case of three layers: 
and Z$ for each layer was substituted for by (El - G2/E3). We will denote the 
modified model characterized by ,@ with PO,, to differentiate from those cases where 
the unmodified Po results are presented. 
The model characterized by P1 was also modified according to the description 
in Section 2.4.4, and will be denoted as ,01 since no results are presented for the 
unmodified case. 
The following normalized quantities are defined to present the results: 
where q is the applied traction and t is the thickness of each lamina. 
The non-dimensional vertical deflection Uy of the beam is plotted against the 
L l h  ratio in Fig. 3.2 for the three-layer laminate, and in Fig. 3.3 for the five-layer 
laminate. 
It is seen that for large L/h  ratios all models yield similar results. As Llh 
decreases, the ,$' model underestimates the deflection while the 13' model is very 
close to the exact solution. For P2 and iY3 the results are virtually identical with 
those of bISC/PROBE for the entire range of L/h  values. The ratio between 
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(El - E,Z/E3) and El is only 0.99 for the top and bottom layers and 0.94 for the 
central layer, so that the influence of the modification of the material properties in 
the values of the deflection is almost neghgible for all L/h ratios. To emphasize the 
influence of the material properties in the results for the ,f3" model, Fig. 3.4 shows 
the central deflection of the threelayer laminate for different material properties, 
selected such that the ratio (E;  - Ei/E3)/El = 0.7 for the outer layers, while E6 
was made constant and equal to the harmonic average (see equation (3.29)). It is 
seen that the solution corresponding to the ,@ model converges to a different limit 
than the other models as L/ h -+ ca when the adjustment of the material properties 
is not performed. Finally, Fig. 3.5 indicates that if E6 is not modified at all, the 
pO modd converges to zero as Llh -+ 0. 
The results shown in Fig. 3.6 indicate that for large Llh, the solution of Pm, 
which is equivalent to the first-order shear-deformation model, gives a good repre- 
sentation of the actual displacement variation. As L/h becomes smaller, the effect 
of transverse shear becomes increasingly important and the linear approximation 
shows a sigdicant deviation from the reference solution. The P1 solution gives 
much better results, even for very small L/h ratios. For ,@ and ,03 the irnprove- 
ment is even greater, especially for small Llh ratios. See Fi,mes 3.7 and 3.8 for 
the three-layer laminate and Fig. 3.9 for the five-layer problem. 
The same situation is true for the longitudinal stress a,, as shown in Figures 3.10 
and 3.11 for the three layer problem and in Fig. 3.12 for the five-layer laminate. 
The shear stress distribution was obtained directly from the solution vector 
using equation (2.6), and also by integrating the equilibrium equation (2.2) and 
imposing the stress free condition at the top and bottom surfaces. The direct 
calculation gives good results only for high powers of P, regardless of the L/h ratio 
(see Figures 3.13, 3.14 and 3.15), while integration of the equilibrium equations 
yields very close approximation for low powers of P when L/h is large and for high 
powers of ,B when L/h is small (see figures 3.16 and 3.17). Appendix E includes 
a detailed description for the calculation of engineering quantities from the finite 
element solution. 
F i d y ,  Fig. 3.18 shows the non-dimensional transverse stress distribution 5, 
for L/h = 4 that was computed from the solution vector using equation (2.6). 
It is seen that the solution for P2 and P3 give accurate results, especially at the 
interface between layers. The original material properties were used in computing 
the stresses for the cases P: and P1. 
Uh Ratio 
Figure 3.2: Model problem 1: Central deflection for the three-layer laminate. 
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Figure 3.3: Model problem 1: Central deflection for the five-layer laminate. 
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Figure 3.4: Model problem 1: Central deflection for the three-layer laminate. For 
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Figure 3.5: ?~lociel problem 1: Central deflection for the threelayer laminate. 
Comparison of 30 vs. 3". (TI = 1, 2 .  3). 
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Figure 3.6: Model problem 1: The function B, (0, y) for L/ h = 20. Three-layer 
laminate. 
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Figure 3.7: Model problem 1: The fundion B,(O, g )  for L/h = 10. Tllree-layer 
laminate. 
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Figure 3.9: Model problem 1: The function ~ ~ ( 0 ,  y )  for Llh  = 4. Five-layer 
laminate. 




Figure 3.10: Model problem 1: The function 3, (P/2, y ) for L/ h = 10. Three-layer 
laminate. 
Figure 3.11: Model problem 1: The function sz (C/2, y ) for L / h  = 4. Three-layer 
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Figure 3.12: hlodel problem 1: The function &(1/2, y)  for Llh = 4. Five-layer 
laminate. 
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Figure 3.13: Model problem 1: The function Yxi,,(O. y ) .  Direct co~nputation for 
Llh = 10. Three-layer laminate. 
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Figure 3.14: Model problem 1: The function 7zv(0, y). Direct computation for 
Llh = 4. Three-layer laminate. 







Figure 3.15: IvIodel problem 1: The fundion ~ ~ ~ ( 0 ,  y ) .  Direct computation for 
Llh = 4. Five-layer laminate. 
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Figure 3.16: Model problem 1: The function Gv (0, y ) computed by integration of 
the equilibrium equation for L/ h = 10. Tlrree-layer laminate. 
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Figure 3.17: >lode1 problem 1: The function i r y ( O ,  y) computed by integration of 
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Figure 3.18: Model problem 1: The function a,(t/2, y) for Llh = 4. Threelayer 
laminate. 
3.2.2 Model problem 2: The  Cantilever Beam 
The laminated strip of the previous example is considered again but with different 
boundary conditions. At x = 0, both the horizontal and vertical displacements 
are set to zero (clamped edge), while the end x = l is free (Fig. 3.19). At x = 0 
singularities occur at the top and bottom surfaces, and boundary layer effects are 
dominant near the clamped edge. At x = l singularities occur at the interfaces. Of 
interest is the performance of the hierarchic model near the clamped edge and at 
the free edge. 
The reference solution for this problem was again obtained using MSC/PROBE. 
The f i t e  element mesh, shown in Fig. 3.20, consisted of 30 elements. The mesh 
was graded in geometric progression towards the singular points. At p = 8 the 
estimated relative error in energy norm was less than 0.5%. At p = 8 the total 
number of degrees of freedom is 1,783. Changing the location of the clamped edge, 
the same mesh was used to evaluate the singularities at the free edge. 
The solution with the hierarchic model was obtained using only one element for 
the polynomial degree varying from 1 to 8, and the power of /3 from 0 to 3. 
Fig. 3.21 shows the end deflection of the beam as a function of the degrees of 
freedom for L/h = 10. The solution for ,13; differs by 9.7% from the solution by 
MSC/ PROBE, but for /3' the difference is only 1.22%. 
N o d  and shear stress distributions were computed at different locations along 
the beam. At x = 0 the exact values of a, and rZy are infinity at the top and 
Figure 3.19: Model problem 2: Notation. 
I 
1.0 in. 
Figure 3.20: Model problem 2:  Finite element mesh for the reference solution. 
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bottom surfaces. There are no singularities at the laminar interfaces. The solutions 
obtained by means of the proposed hierarchic models exhibited good convergence 
characteristics in terms of the n o d  and shear stresses at this Section, with the 
exception of the neighborhoods of the stress singularities at x/h = 0, y/ t  = f 1.5. 
The results are shown in Figures 3.22 and 3.23. 
At x = h/3,  i.e., at only one lamina thickness away from the singularity, the 
normal stress distribution is in excellent agreement with that of MSC/PROBE for 
a l l  powers of ,8 larger than zero (see Fig. 3.24). 
The shear stress distribution requires higher powers of /3 to approach the ref- 
erence solution. At x = h/6 (half the thickness of one layer) the solution corre- 
sponding to p3 gives accurate results for both methods (direct computation and 
integration of the equilibrium equations) as shown in Figures 3.25 and 3.26. 
At x = h the shear stress computed directly from the solution vector is accurate 
only when the equilibrium equations are satisfied up to the third power of P. When 
they are computed through integration of the equilibrium equations, the results are 
accurate for all powers of ,8 equal or greater than one (see Figures 3.27 and 3.28). 
,4t the free end (x = t), large stress gradients occur at the laminar interfaces. 
Figure 3.29 shows the normal stress o, at x = e, wlile Figure 3.30 show the stress 
distribution at a very short distance from the h e  edge (x = 0.997 C). Note that the 
performance of the hierarchic sequence very close to the free end is very satisfactory. 
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Figure 3.21: Model problem 2: End deflection. 
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Figure 3.22: hlodel problem 2: The function 3, (0, y) . 
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Figure 3.23: Model problem 2: The function Try (0, y). 
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Figure 3.26: Model problem 2: The function ix, (h/6, y ) computed by integration 
of the equilibrium equation. 
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Figure 3.27: Model problem 2: The function TZ, (h,  y). Direct computation. 
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Figure 3.28: Model problem 2:  The function i,, ( h ,  y ) computed by integration 
of the equilibrium equation. 
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Figure 3.29: Model problem 2: The function a,([, y). 





Figure 3.30: Model problem 2: The function 5,(0.997[, y) 
3.3 Conclusions 
The derivation of a hierarhc sequence of models for laminated strips was 
outlined and their performance was demonstrated on the basis of the degree 
to which the equilibrium equations are satisfied. The powers of the parameter 
p, representing the degree to which the equilibrium equations are satisfied, 
have been used to identify members of the hierarchic sequence. 
The proper choice of a model &om the hierarchic sequence for a particular 
application is problem dependent, that is, depends on the exact solution of 
the corresponding three-dimensional problem, the goals of computation, the 
degree of precision required, and the method by which the data of interest 
are computed. In general, the solution of the problem of elasticity in the 
smooth interior regions is very close to the solution corresponding to the 
lowest member of the hierarchy, whereas the solution near the boundaries is 
more complicated and thus requires the use of higher models. 
In the interest of computational efficiency, the hierarchic sequence of mod- 
els has been extended downward to include the models characterized by Po 
and pl. This requires a modification of rnaterial properties, which is anal* 
gous to the generally accepted modification of material properties used in the 
Reissner-Mindlin model for homogeneous isotropic plates. In f a d ,  the model 
characterized by /?' is the Reissner-Mindlin model, generalized for laminated 
composites, when the modified rnaterial properties are used. In the special 
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case, when the shear modulus is independent of y, the hierarchic model is the 
Reissner-Mindlin model. The shear correction fact or can be assigned arbitrar- 
ily since the requirements set for hierarchic models are satisfied independently 
of the shear correction factor. 
The hierarchic framework desaibed in Chapter 2 for laminated strips, and 
illustrated by examples in this Chapter, allows the development of reliable 
predictive capabilities for the structural and strength responses of structural 
components made of laminated composites. The more general case of lami- 
nated plates is addressed in the two following chapters. 
Chapter 4 
Larninat ed Plates 
This Chapter describes the formulation of hierarchic models for laminated plates. 
As in the case of the laminated strip, this formulation is based on one parameter 
(p) which characterizes the hierarchic sequence of models, and a set of constants 
whose influence have been assessed by a numerical sensitivity study. This approach 
has been adopted in order to limit the rate of increase of fields such that the number 
of fields added per model is always three. 
The d y s i s  is restricted to mid-plane symmetric laminated plates, i.e., when 
there is a I& above the geometrical mid-plane at the same distance from the 
mid-plane and having identical orientation and properties for d l  lamina below 
the mid-plane. For such a symmetrical stacking sequence there is no coupling 
between membrane and bending terms. However, the normal s tress-twist curvature 
coupling terms increase the complexity of the analysis by a significant measure when 
compared with the laminated strip evaluated in the previous chapters. 
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Numerical examples analyzed with the proposed sequence of models show good 
correlation with the reference solutions. Results were obtained for square and rect- 
angular plates with uniform loading and with homogeneous boundary conditions. 
Cross-ply and angle-ply laminates were evaluated and the results compared with 
those of MSC/PROBE. 
4.1 Models for Laminated Plates 
Consider an infinite flat plate of constant thickness h composed of thin layers of 
ort hotropic elas tic material perfectly bonded toget her. Each layer (lamina) pos- 
sesses a plane of elastic symmetry parallel to the x - y plane. The laminae are 
symmetrically arranged with respect to the middle surface of the plate (i.e., the 
x - y plane). The load q(x, y )  is antisymmetric with respect to the middle plane, 
and q(x, y )  = 0 for 1x1 2 a, Iyl 2 b, with a and b some fixed numbers. Let cr = l/a 
and y = l/b, and further let: 
P = *(a, r> (4.1) 
Qased on the arguments outlined in Section 2.1, we write the displacement field 
in the following form: 
where Ux ,Uy ,U, , are complex functions, and both the real and imaginary parts r ep  
resent admissible displacements, and 4, $, p are the partial Fourier transformations 
of the displacement components u, , u, , u,: 
where q5,, $a, $b are antisymmetric real functions, and pa and pa are symmetric 
real functions with respect to the middle surface of the plate (laminate). The 
parameter rn is included to asses the influence of the x- and y-directions in the 
solution corresponding to the transverse (or z )  direction. 
The strain components in the transformed variables corresponding to the dis- 
placement field given by (4.2), (4.3) and (4.4) are: 
where the primes represent differentiation with respect to 2 .  
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Let El be the material (lamina) coordinates for any layer rotated an angle 8 
with respect to the global (laminate) coordinate system (x, y, z )  about the z-axis. 
The stresses and strains in the rotated system can be written in terms of the global 
quantities as: 
and the stress-strain relations for each lamina in the local system are: 
where [Cj is the lamina material stiffness matrix in the lamina coordinate system 
(z, g ,  z) which contains only nine nonzero t e r n  because there are three mutually 
perpendicular planes of elastic symmetry: 
in the laminate coordinate system for any layer can be writ ten as: 
and [TI is the transformation matrix: 
Defining 
[TI = 
[Q1= [rr]-l[q PI (4.19) 
as the transformed lamina material matrix, equation (4.18) can be writ ten as: 
m2 n2 0 0 0 2 m n '  
n2 rn2 0 0 0 - 2 m n  
0 0 1 0  0 0 
0 0 O m - n  0 
0 0 O n  m 0 
-mn rnn 0 0 0 m2-n2 
Note that [Q] has thirteen stifhas constants in the global system because there is 
only one plane of elastic symnletry (the one perpenclidar to the z-axis). 
where rn = cos 6 ,  n = sin 19. Combining (4.14) and (4.15) the stress-strain relations 
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The equilibrium equations with zero body force components are given by: 
Substituting equations (4.8) to (4.13) and (4.20) into (4.21) to (4.23) the fol- 
lowing Fourier transformed form of the equilibrium equations are obtained: 
Expanding $(P, z ) ,  +(P, z )  and p(P, 2) into a power series with respect to P: 
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On substituting (4.27), (4.28), (4.29) into the equilibrium equations (4.24), 
(4.25), (4.26) and separating into real and i m a g k q  parts we have: 
The real part of (4.24): 
The real part of (4.25): 
The real part of (4.26) : 
The imaginary part of (4.24) : 
The imaginary part of (4.25) : 
The irnagi~lary part of (4.26): 
These equations hold for any choice of P. Solving for each power of ,B we obtain 
the transverse shape functions as described in the following Sections. 
4.1.1 The Model Characterized by ,@ 
Setting ,B = 0 in equations (4.30) to (4.35) we have for the real parts of the equi- 
librium equations: 
The solution of the above system requires six arbitrary constants. Knowing that 
A o ( z ) ,  +ao(z) are antisymmetric and pao(z) is spmetric, the number of arbitrary 
constants reduces to three. Integrating, we have: 
which can be written as: 
Similarly, solving the imaginary part of the equilibrium equations, we get: 
where 
I C . ( ~ )  = - 1' Q45 dz. 
0 Q44Q55 - Q& 
The real and imaginary parts are not linearly independent, hence both lead to 
the same functional form. The mode of deformation corresponding to P = 0 can 
therefore be writ ten in the following f o m  
Thls mode of deformation contains five fields, fil (x, y ) , G2 (x, y) , . . . , t i 5  (x, y ) , which 
are al l  real. To reduce the number of fields we impose additional constraints to 
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reflect the correlation existing between the integration constants a0 , bo or do ,  eo in 
(4.42), (4.43) and (4.45), (4.46). That is: 
&(x, y )  = niil(x,  y ) ,  G(x ,Y)  = n54(x7 Y )  (4.54) 
where n is an arbitrary constant. The displacement field (4.51)-(4.53), can be now 
written in the following way: 
which can be rewritten as: 
where 
Note that this model does not depend on the d u e  of the constant rn; only depends 
on the constant n. The influence of these and other constants i11 the solution of 
laminated plates is addressed in the ned Section. 
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When Q44, Q45, Q55 are constant through the thickness, this model is capable of 
representing rigid body displacement and rotation. A similar situation was realized 
for the pO laminated strip model in Section 2.1.1. Unless the material properties are 
modified as discussed later, this model does not satisfies the condition of converging 
to the same limit as the problem of elasticity as h + 0. 
4.1.2 The Model Characterized by P1 
To find the mode of deformation for the model which satisfies the equilibrium 
equations up to the first power of p, we differentiate (4.30) to (4.35) with respect 
to ,O and let ,3 = 0. In this case we have for the real parts: 
Upon integration, we have: 
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Similarly, solving the imaginary part of the equilibrium equations, we get: 
where FA(z), GA(z), KA(z) are defined in (4.48), (4.49), (4.50) and HA(z, m), 
HB (z, m) are given by: 
The mode of deformation corresponding to the ,B1 model can be written in the 
following form: 
This mode of deformation now contains nine fields, ill (x, y) ,  &(x, y), . . . , 69 (x, y) .  
Again, to reduce the number of fields we impose ddtional constraints as in the 
case of the P model: 
62(x,y) = n&(x,  y), &(x, Y) = n215(x1~)? G(x?Y) =sfis(x,y) (4.77) 
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where n, s are arbitrary constants. The displacement field (4.74)-(4.76), can now 
be writ ten in the following way: 
which can be rewritten as: 
~ ~ ( 5 ,  y7 z) = 211 (x, Y) Fo(z~ n, + u ~ ( x ,  Y) (4.81) 
uy(x, y, 2) = u2(x, Y) Gob, n) + ~ 5 ( x ,  Y) z (4.82) 
~ ~ ( 2 ,  Y ,  Z) = u ~ ( x ,  Y)  + ~ 6 ( x ,  Y)H ~ ( Z ,  m, (4.83) 
where Fg ( z ,  n) , Go (2, n) are defined in (4.61), (4.62), and HO (2, m, s )  is given by: 
Thls mode of deformation, wllidl satisfies the equllibriurn equatiorls up the first 
power of p, depends on three parameters m, n, s, and has a total of nine fields 
(three more fields than the ,@ model). 
4.1.3 The Model Characterized by P2 
To find the mode of deformation for the model which satisfies the equilibrium 
equations up to the second power of p, we differentiate (4.30) to (4.35) twice with 
respect to ,B and let ,I!? = 0. Upon integration of the resulting differential equations, 
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9 3 3  Q23 + mQ36 ~1 dz 
The mode of deformation corresponding to the ,@ model can be writ ten in the 
following form: 
This mode of deformation now contains fourteen fields: ii1 (x, Y) , . . . , G14 (x, y )  . 
.Again, to reduce the number of fields we impose additional constraints as in the 
cases of the ,8' and ,Dl models: 
where n, s, t are arbitrary constants. The displacement field (4.97)-(4.99), can be 
written in the following way: 
which can be rewrit ten as: 
where 6, Go, Ho, HI have been previously defined, and 
and 
This mode of deformation satisfies the equilibrium equations up to the second 
power of p, and comprises nine fields and four parameters rn, n, s and t. By 
continuing this process, the equilibrium equations can be satisfied to an arbitrary 
power of p. 
4.2 The Limiting Case with Respect to ,B -+ 0 
One of the defhtive properties of a hierarchic sequence of models is that eaich 
member converges to the same limit as the exact solution of the corresponding 
threedimensional problem as h + 0. The exact solution minimizes the potential 
energy with respect to all fundions ui(x,  y) ,  i = 1, 2, . . . for which the strain energy 
is fkute. The limit for each plate model is obtained in a similar way as done for 
the laminated strip. The process can be summarized as follows: 
1. Start with the expression of the potential energy for the plate: 
For a gven plate model the strain components are computed from the corresponding 
displacement expressions, the strains and stresses are written in tenns of the dis- 
placements and its derivatives, and integrated through the thickness (z-direction) 
to obtain the material coefficients. These coefficients form the laminate material 
stiffness matrix [4. Rewriting the potential energy in terms of [El: 
where [Dl is the differential operator matrix relating the strains and displacements, 
and {u) denotes the displacement vector function. In the case of the ,8" model, the 
potential energy expression is: 
where: 
For the ,B1 model, there are 55 nonzero terms in the laminate material stif£ness 
matrix and 138 nonzero terms in the case of the p2 model. 
2. The Euler equations are obtained by taking the variation of the potential energy 
with respect to each of the field functions u ~ ( x , Y ) ,  (i = 1, 3, . . . , nf), nf being 
the total number of fields in the model. 
where 
Using Fourier transform, the Euler equations are transformed aid the systenl of 
linear equations in the transformed field variables Ui (c, q )  is constructed: 
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The matrix [A] depends on the material stifkess matrix [El, and on the Fourier 
variables J and 7, and { R) is the load vector obtained &om the transformation of 
the potential of the e x t d  forces. 
3. The elements of [L'J are computed for different stacking sequences and the 
system of equations are solved for U3. Note that u3 (x, y) is the equivalent to the 
displacement component uylO(x) in the laminated strip, which was shown to be the 
dominant function. 
where 
is the determinant of [A], 
is the determinant of [A] when the third row is replaced by the load vector { R) , 
and Q(J, 77) is the Fourier transform of q ( x ,  y ) . 
4. The lirmt analysis with respect to h -+ 0 is perfomled and the following coeffi- 
cients are defined: 
Note that Bo is the first non-zero term of B(<, 7)  and does not depend on < and 7. 
Neglecting derivatives of higher than fourth order, we obtain the general equation: 
Denoting w(x, y) = u3(x, y), equation (4.134) has the following form after perform 
ing the inverse Fourier transform: 
where a1, a p ,  a3 and XI ,  X2, . . . , AS depend only on the material coefficients E, 
defined before. 
If the hierarchic plate model being evaluated converges to the proper limit, then 
the coefficients a, must be zero. This is because all models must converge to the 
solution of the problem of elasticity as h -c 0. It has been shown [I] that the 
Kirchhoff model is the limiting case for the infinite strip of isotropic material with 
respect to h -, 0. For the laminated strip (Chapter 3), xvhich is a special case of the 
laminated plate, the limit alalysis sho~ved that the governing differential equation 
contains only fourth order derivatives. Therefore, urlless the coefficients are zero, 
the governing equation would be a second order partial ddferential equation. 
When a, (i = 1, 2, 3) are not zero then the material properties have to be 
adjusted. The coefficients A, may require adjustment also, so that they will have 
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the same values as those models t lat  converge to the same li11it as the theory of 
elasticity with respect to h + 0. 
Following this procedure, and using the symbolic manipulation program Math- 
ematica ', it was found that the model characterized by ,@ is not a member of the 
hierarchy because a; # 0. However, making the transverse she& moduli constant 
through the thickness, as it was done in the case of the strip, a;. become zero. 
In the case of the strip, closed form solutions could be obtained and the govern- 
ing differential equations determined in t e r n  of the material coefficients. Because 
of the complexity of the problem in the case of the plates, it was impossible to 
determine the coefficients a, and Xi  for all hierarchic models and for representative 
stacking sequences, by other than numerical met hods. The folloiving approach have 
been adopted: The results obtained for the laminated plate were tested numerically 
for the following stacking sequences which are representative of practical problems: 
1. Three-ply laminate: 90/0/90, h=l, 
2. Three-ply laminate: -45/+45/- 45, h=l, 
3. Three-ply laminate: -30/+30/ - 30, h=l, 
4. Five-ply laminate: 0/90/0/90/0, h=l. 
For each stacking sequence the values of the [q matrix were computed, and the 
resulting system of equations are solved for w(x, y ) . 
' ~ a t h e m a t i c a :  A system for doing mathematics by computer. iV01fram Research Inc. (Version 
1.2, July 1990) 
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The model characterized by ,@ required two modifications of material prop 
erties: One to satisfy the requirement that the a, = 0, the other to satisfy the 
requirement of having the sarne values of X i  as the other members of the hierarchy. 
The ,f3' and models did not require any modification of the material properties 
to satisfy either requirement. 
Fkom experience acquired with the laminated strip, it was expected that by 
making the transverse shear moduli constant through the thickness, the coefficients 
a, would become zero. As in the case of the strip, the transverse shear moduli Q44 
and QSS of each layer were made equal to the harmonic averages Q~ and ~ 5 ~ :  
while Q45 was made equal to the average ~ 4 5 :  
The other modification in the material properties needed for adjusting the values 
of X i  in (4.135), such that they are the same as the other models, was obtained 
from the condition that plane stress constitutive relations are used for each layer 
(k) . To accomplish that, the following modifications are sufficient: 
where the Q$) are the material properties of the kth layer in the laminate coordinate 
system. These modifications in the ~lmterial properties are equivalent to those used 
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for laminated strip models. The modification of the transverse shear moduli is the 
counterpart of Es constant in the laminated strip, while the modification in the 
in-plane moduli is the counterpart of substituting El by El - E;/G in the 
model for the laminated strip (see Chapter 2). 
The results of the numerical study are shown in Table 4.1 for the three hierarchic 
models. Two sets of values are presented for the PO model: One for the case in 
which the modifications in the material properties discussed above are implemented 
(pm); and the other for the case in which the modification in the shear moduli are 
included but not in the in-plane moduli (E).  
These results indicate that the @' model, without modifications to account for 
the plane stress conditions in the constitutive equations (E), would converge to a 
different limit as h -+ 0. When the full set of modifications are introduced (PO,), 
the values of the coefficients A, are almost identical to those of the higher order 
models. The differences observed in the values of Xi for the PO, and P1 models are 
very s d  and vary depending on the stacking sequence. The largest difference 
(0.28%) occurs for the staclung sequence 3, in the coefficient X4. For the other 
stacking sequences, the differences are below 0.01%. Tlle largest difference between 
the coefficients of the ,01 and models (0.01%), occurs in the coefficients XI and 
& for s t h g  sequence 2, wlile for the other stacking sequence the difference is 
below 0.005% 










































































































h =  1 
-451 +45/ -45 
h =  1 
-301 +30/ -30 
h =  1 
0/90/0/90/0 
h = l  
These results demonstrate that for the representative cases investigated, all the 
models converge to the same limit as h + 0, provided that the material properties 
of the pO model are adjusted as discussed herein. 
One important observation from this numerical study is concerned with the 
classical plate model for laminated plates. The differential equation for mid-plane 
symmetric laminated plates with the assumption of plane stress conditions and that 
normals to the middle surface of the plate prior to deformation remain straight and 
n o d  after deformation (classical plate model assumptions) is given by [35]: 
where: 
The coefficients Dij are equivalent to E,. In the case of the j7' model, for 
instance, the transverse shear moduli are made constant through the thickness and 
they can be factored out from the expressions of E,. In that case the following 
relations exist: 
Dll E El z Al, DZ2 G E6 3 ,A5 (4.142) 
4DI6 4 &  G X 2 ,  4026 4E5 X4 (4.143) 
Therefore, there is a reasonable expectation that equation (4.140) is the limiting 
case of the corresponding problem of elasticity provided the plane stress constitutive 
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equations are used. When the three-dimensional constitutive equations were used, 
the values of the coefficients Xi  are those given in Table 4.1 for the case and the 
proper limiting case is not obtained. 
4.3 Sensitivity Study 
The influence of the parameters introduced in each member of the herarchic se- 
quence of models is evaluated numerically in this Section. The unknown displace 
ment components u,(x, y),  i = 1, 2 ,  . . ., are solved by means of an experimental 
program developed for the solution of laminated plates, which is based on the 
p-version of the finite element method. 
Using t h s  program, the examples problems described in Chapter 5 were solved 
for various combinations of the parameters m, n, s and t .  The strain energy of 
simply supported 3-ply rectangular plates with uniform load was used to assess the 
influence of the parameters, and the results are presented in Figures 4.1 to 4.8. The 
material for the laminae is the same material used for the laminated strip problems, 
with two stacking sequences, 90/0/90 (cross-ply laminate) and -45/ + 45/ - 45 
(angle-ply laminate). The width to thickness ratio was kept at a/lz = 4, and the 
aspect ratio of the plate (b /a )  was either 1 or 3. 
The parameter n in the PO model (see equations (4.58)-(4.60)) h a s  no influence 
on the solution. This is because n is absorbed in the unknown functions ul (x, y) 
118 
and uz(x,y) computed in the finite element solution when the transverse shear 
moduli are made constant through the thickness of the plate. 
The influence of the parameters m, n, s in the solution of a cross-ply laminate 
corresponding to the ,B1 model is shown in Figure 4.1 for b/a = 1 and in Figure 4.2 
for bla = 3. Figure 4.3 s d z e s  the results for both aspect ratios. In all these 
figures, the vertical axis shows the strain energy relative to the one obtained solving 
the same problem with a three-dimensional finite element program (see Chapter 5 
for details). The horizontal axis gives the values assigned to the variable parameter 
of each m e .  The results indicate that there is no influence of the parameter n in 
the results, while m and s have different Influence depending on the aspect ratio of 
the plate. For instance, an increase in s improves the solution for b/a = 1, but does 
the opposite for b/a = 3. A similar observation applies for the parameter rn, but 
in the opposite direction. .4n increase in m reduces the quality of the solution for 
bla = 1, but improves the solution for b/a = 3. Figure 4.4 indicates that there is 
no influence of either one of the parameter in the solution of the cross-ply laminate 
and for both aspect ratios. 
The influence of the parameters m, n, s, t in the solution of a cross-ply laminate 
corresponding to the PZ model is shown in Figure 4.5 for b/a = 1 and in Figure 4.6 
for bla = 3. For b/a = 1 an increase in rn and t increases the strain energy of the 
solution, but while varying t produces a converging situation, the variation of rn 
conduces to an unbounded increase in the strain energy. For b/a = 3, increasing 
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t makes the strain energy to decrease, while increasing the value of m makes the 
strain energy of the solution to decrease fist (for m 5 4) and to increase after the 
value of m = 4. In both cases there is no influence of the parameter n and almost 
no influence of s. 
For the angle-ply laminate the results are shown in Figure 4.7. Again, there is no 
influence of the parameter n and also no inAuence of s. The other two parameters, 
m and t ,  have different influence depending on the aspect ratio of the plate. 
All of the results presented in Figures 4.1 to 4.7 were obtained varying one 
parameter at the time while the other three remained constant and equal to unity. 
Figure 4.8 show the sensitivity study performed for the model for twenty seven 
different combinations of the parameters rn, n, s, t and for a square, cross-ply 
laminated plate. In this case the strain energy of the solution is presented and a 
band of f 3% around the reference solution is indicated. These results are also 
shown in Table 4.2. 
The results consistently indicate that the influence of the parameters included 
in each model of the hierarchy is relatively small in tenns of the strain energy of 
the solution. Taking dl parameters qua1 unity appears to be the logical choice 
based on the results of the present sensitivity study. 
n b l e  4.2: Sensitivity Study-P2 Model. Simply supported 90/0/90 square plate 
(a lh  = 4). Influence of m, n, s, t. 
Case m n 8 t StrainEnergy 
NO. (x105)  
1 1 1 1 1 0.7111145 
2 1 5 1 1 0.7111145 
3 5 1 1 1 0.7256553 
4 1 1 5 1 0.7116944 
5 1 1 1 5 0.7207993 
6 5 5 1 1 0.7256553 
7 1 5 5 1 0.7116944 
8 1 5 1 5 0.7207993 
9 1 1 5 5 0.7213676 
10 1 5 1 5 0.7207993 
11 5 1 5 5 0.7375296 
12 5 5 5 1 0.7252634 
13 1 5 5 5 0.7213676 
14 5 5 1 5 0.7379180 
Case m n s t StrainEnergy 
NO. ( x l o 5 )  
15 5 5 5 5 0.7375296 
16 2 1 1 1 0.7128474 
17 3 1 1 1 0.7158803 
18 4 1 1 1 0.7202610 
19 6 1 1 1 0.7315889 
20 7 1 1 1 0.7376230 
21 8 1 1 1 0.7439399 
22 9 1 1 1 0.7488515 
23 10 1 1 1 0.7537713 
24 1 1 2 1 0.7116491 
25 1 1 7 1 0.7116989 
26 1 1 1 2 0.7165587 
27 1 1 1 7 0.7215842 
Sensitivity Study-Beta 1 Model 
(bla=l , a/h=4, 9010190) 
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VALUE OF VARIABLE PARAMETER 
Figure 4.1: Cross-ply s q w e  plate. Influence of m, n, s on the strain energy of 
the solution. 
Sensitivity Study-Beta 1 Model 




0 2 4 6 8 10 12 
VALUE OF VARIABLE PARAMETER 
Figure 4.2: Cross-ply rectangular plate. Influence of m, n, s on the strain energy 
of the solution. 
Relative Strain Energy-Beta 1 Model 
(p=8, a/h=4, 90/0/90) 
95.98 ' I I I I 1 97.08 
0 2 4 6 8 1 0 1 2  
VALUE OF VARIABLE PARAMETER 
Figure 4.3: Cross-ply square and rectangular plate. Influence of m, n, s on the 
strain energy of the solution. 
Relative Strain Energy-Beta 1 Model 
(p=8, a/h=4, -45/45/-45) 
0 2 4 6 8 1 0 1 2  
VALUE OF VARIABLE PARAMETER 
Figure 4.4: Angle-ply square and rectangular plate. Influence of m, n, s on the 
strain energy of the solution. 
Sensitivity Study-Beta 2 Model 
(bla= 1 , a/h=4, 9010190) 
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Figure 4.5: Cross-ply square plate. Infiuence of m, n, s, t on the strain energy 
of the solution. 
Sensitivity Study-Beta 2 Model 
(bla=3, a/h=4, 9010190) 
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0 1 2 3 4 5 6 7 8 9 1 0  
VALUE OF VARIABLE PARAMETER 
Figure 4.6: Cross-ply rectangular plate. Influence of m, n, s, t on the strain 
energy of the solution. 
Relative Strain Energy-Beta 2 Model 
(p=8, a/h=4, -451451-45) 
97.95 1 I I I I t I 98.67 
0 2 4 6 8 1 0 1 2  
VALUE OF VARIABLE PARAMETER 
Figure 4.7: Angle-ply square and rectangular plate. Influence of m, n, S ,  t on 
the strain energy of the solution. 
Sensitivity Study-Beta 2 Model 
(b/a=l , a/h=4, 9010190) 
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Figure 4.8: Cross-ply square plate. Influence of m, n, s, t on the strain energy 
of the solution. 
Chapter 5 
Laminated Plate Examples 
Plate models must be evaluated with reference to the corresponding three dimen- 
sional problem. Therefore the first task was to establish reliable reference solutions 
of the model problems, viewed as three-dimensional elasticity problems. The com- 
puter code MSC/PROBE was used for this purpose. It is important to remember 
that we try to assess the errors of modeling, namely to be able to determine how 
well each member of the hierarchic sequence of models approximates the solution 
of the threedimensional elasticity problem. 
The quality of each reference solution was controlled by selecting the finite 
element mesh such that the relative error in energ nonn was low; observing the 
convergence of the fundionds of interest and verifying overall equilibrium. In some 
cases, when the length- to-width ratio of the plate was increased, the estimated error 
in energy norm also increased. In such cases the reference solution w a s  used only to 
126 
compute the transverse displacements. The error in strain energy (and consequently 
in displacements) is the square of the error in energy norm. If the error in energy 
norm for a given solution is 10% for instance, the error in the displacements should 
be about 1%. However, the errors in the derivatives are more sensitive and cannot 
be used for reference. 
Using the finite element method as our solution tool means that we are intrclt 
ducing errors of discretization. If the errors of discretization are large, then it is 
not possible to assess the errors of modeling. 
The cases considered try to cover a wide range of combination of the parameters 
that have influence on a plate problem. For instance, in a laminated plate it is 
possible to vary: 
the material properties, 
the number of layers, 
the stacking sequence, 
the thickness of each layer, 
the plate width-t~thickness ratio ( a / h ) ,  
the plate length-to-width ratio (bla) ,  
the boundary conditions, 
the type of loading, etc, 
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which make the number of cases to be analyzed very large, if one wishes to cover all 
possible combinations. If only three variations of each one of the above parameters 
were investigated, the total number of combinations wnuld be 512. If for each one of 
these cases we obtain the reference solution and the solutions for aIl three members 
of the hierarchic models described in Chapter 4, the total number of analyses is 
2,048. Finally, if for each one of the 2,048 cases, the solution is obtained for plevels 
ranging from 1 to 8, the total number of solutions is 16,384. 
In the examples analyzed in the following sections several parameters were se- 
lected to be constant: The material properties of al l  layers are the same and only 
one material is considered; the type of loading is not varied; all layers are of equal 
thickness and the boundary conditions are homogeneous. 
5.1 Description of Example Problems 
Consider a rectangular plate of uniform th~ckness h and planar dimensions a and b, 
composed of perfectly bonded elastic orthotropic layers, symmetrically distributed 
with respect to the middle plane, (Fig. 5.1). A d o r m  load q(x, y) is applied as 
a normal traction to the top ( q / 2 )  and bottom ( q / 2 )  surfaces of the plate, and all 
layers in the laminate are of equal thickness, and are of a square symnletric uni- 
directional fibrous corrlposite material possessing the following sti&ess properties, 
which simulate a ligh-modulus gaphite/epoxy composite: 
EL =25 .0  x lo6 psi & = 1.0 x lo6 psi 
GLT = 0.5 x lo6 psi & = 0.2 x lo6 psi 
where L indicates the direction parallel to the fiben, T is the transverse direction, 
and VLT is the Poisson ratio (i.e., VLT =  ELL, where ETT, ELL are, respectively, 
the normal strains in the directions T and L). These material properties were 
selected from reference [18]. It is important to note, as was pointed out by Pagano 
in [18], that the highly anisotropic nature of the selected material represent a severe 
test for any laminated plate model. 
Figure 5.1: Model problems: Notation. 
When the L direction coincides with the x direction, we refer to it as the B = 0" 
orientation. For a three-ply laminate a designation 90/0/90 means that the central 
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lamina is oriented with the L direction parallel to the global x-axis, and in the two 
outer layers L is at 90' with the global x-axis. 
As mentioned earlier, the reference solutions were obtained using the finite 
element program MSC/PROBE, and the solutions for the plate models were ob- 
tained with an experimental program developed during this investigatioh, in which 
the algorithm described in Chapter 4 was implemented. In the reference solution 
obtained with MSC/PROBE each layer was discretized as a three-dimensional el- 
ement with orthotropic material properties. The solution was obtained for plevels 
ranging from 1 through 8. The solution corresponding to p = 8 will be used as the 
basis for comparison. 
The solutions corresponding to the proposed hierarchic sequence of models were 
obtained using only one laminated plate element. The polynomial degree was varied 
from 1 through 8 and the equilibrium equations were satisfied up to the second 
power of ,f? . 
The model that satisfies the equilibrium equations up to the zeroth power of 
,f3 was modified to satisfy the requirement of converging to the same limit as the 
problem of elasticity with respect to h -, 0, as described in Chapter 4. To accom- 
plish that, the transverse shear moduli Q44 and Q55 of each layer were made equal 
to the harmonic averages Qlq and Q55, while Q15 m s  made equal to the average 
Q 4 5 .  In the case of three layers, for instance, the harmonic averages are: 
and the average is: 
The superscripts (I), (2) refer to the central and outer layer respectively. The 
following changes were also introduced for each layer (k): 
These modifications in the material properties are equivalent to the ones introduced 
for the laminated strip models. The modification of the transverse shear moduli 
(5.1, (5.2) is the counterpart of Es constant in the laminated strip, whde the 
modification of the in-plane moduli (5.3) is the counterpart of substituting El by 
El - E2/E3 in the Po model for the laminated strip (see Chapter 2). 
We will denote the modified model characterized by PO with PO,. No modifica- 
tions are necessary for the other members of the hierarchy as discussed in Section 
4.2. The following normalized quantities are defined to present the results at a 
given location (xn , yn , zn ) : 
where q is the applied traction, h is the tllickness of the plate and u,(x,, y,,, 0) is 
the vertical displacement of the nliddle plane of the plate at x = x, , y = y,, . 
Two groups of problems are evaluated in the following Sections: 
1. Cross-ply laminate with all four edges simply supported (only the transverse 
displacement u, is set to zero: soft simple support) and two aspect ratios 
(b/a = 1 and b/a = 3). The influence of the number of layers and other 
boundary conditions in the central deflection of square plates were also inves- 
tigated. 
2. Angle-ply laminate with all four edges simply supported, two aspect ratios 
(bla = 1 and bla = 3) and two ply orientations (-45/-t45/-45 and -30/t30/- 
30). Other ply orientations and boundary conditions were also considered. 
For those problems in which the estimated error in energy norm was larger 
than 5%) only the values of the displacements are reported. In those cases the 
error of dicretization become too large to allow proper assessment of modeling 
errors in terms of stresses. Table 5.1 shows the estimated errors in energy norm 
at p = 8 for d cases considered in the following sections. Even though the errors 
of discretization can be controlled by meshing and by pextension, limitations of 
the experimental computer program imposed certain restrictions. The reported 
values of the estimated error in energy norm are the best that could be obtained 
with the experimental code. For those cases in which the error i11 energy norm of 
the plate models was larger than 5%) and the error of the solution obtained with 
MSC/PROBE was also large, only the displacements were compared. 



















































































































5.2 Cross-ply Laminate 
In this Section the results for cross-ply laminated plates are presented. Two cases 
were analyzed in detail: A three-ply square (b/a = 1) simply supported plate, and a 
three-ply rectangular (b/a = 3) simply supported plate. For these cases the results 
include deflections, normal and shear stress distributions , and estimated relative 
error in energy norm for the three hierarchic models and for the reference solution. 
Also included is the influence of the number of layers in the end deflection of 
a square plate with one edge clamped and the other three edges free. Finally, the 
central deflection of a three- and a five-ply plate wit11 two opposite sides simply 
supported (soft simple support) are included. 
5.2.1 Square Plate 
The results for a three-ply orthotropic (or cross-ply, 90/0/90) simply supported 
square plate are shown in Fig. 5.2 to Fig. 5.15 and summarized in Table 5.2 .  In a l l  
cases the results are those corresponding to p = 8. The load consisted of a uniform 
n o d  load q(x, y ) half of which was applied on the top surface, half on the bottom 
surface of the plate. Tile support conditions on all edges of the plate are those of 
a soft simple support, i.e. only the transverse displacement is set to zero on each 
edge (u, = 0). 
Figure 5.16 shows the mesh used for the reference solution of the cross-ply lam 
inate obtained with MSC/PROBE for the length-tetlickness ratio of 10. Due to 
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symmetry, only one fourth of the plate tvas considered in the analysis. Small ele- 
ments were used near the edges of the plate to limit the influence of the singularities 
coming form the boundaries. The same mesh configuration was used for all a lh  
ratios. Figure 5.17 shows the deformed configuration. 
Fig. 5.2 shows the central transverse displacement of the plate as a function 
of the a lh  ratio. For large a/h ratios all models yield sirmlar results. As a lh  
decreases, the ,@' model underestimates the deflection while the P1 and models 
remain very close to the TVISC/PROBE solution. A very small difference between 
the p1 and ,@ models is also observed in this case. See also Table 5.2, column 
Uz(a/2, a/2,0). 
The in-plane displacemerits h, (0, a/2, z )  , G, (a/2,0, z )  for two a/ h ratios are 
shown in Figures 5.3 to 5.6. The solution of the 130 model can only produce linear 
variation for the in-plane cfisplacernents. For a/h = 10 this approximation is close 
enough, but for a/h = 4 the approximation is very different from the reference 
solution and the other members of the herarchy. Note that the p1 model is in 
excellent agreement with the reference solution, but can only produce piecewise 
linear approximation. The ,@ model on the other hand, gives results that are 
almost indistinguishable from those of the reference solution. 
The normal stress distributions a, (u/2, a/2, z ) ,  cy(a/2, u/2, z )  for a/h = 1 ad 
a/h = 10 are shown in Figures 5.7 to 5.10. The Po model underestimates the 
maximum normal stress ey by 40% for a/h = 4 (Fig. 5.9) and 10% for a/h = 10 
Thble 5.2: Normalized Stresses and Displacements for a Simply Supported 90/0/90 
Square Plate (bla = 1) 
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Normalized Central Displacement 
Three-ply Laminate (90/0/90) 
o 0.00 
2 20 200 2000 
a/h Ratio 
Figure 5.2: Simply supported ortho tropic (90/0/90) square plate: The function 
(Fig. 5.10). Those figures for the P1 and ,@? models are (14%, 2.6%) and (4%, 
0.7%), respectively. For low a/  h  ratios, there is a big improvement over the 00 
model due to the presence of the piecewise linear terns in the displacement field 
in the ,B1 model and from the piecewise quadratic terms of the model. For large 
a / h  ratios, the quality of the ,P solution greatly improves. As mentioned earlier, 
low order models provide adequate response for large a / h  ratios, but behave poorly 
for low a/h ratios. The 5, stress clistribution is very closely represented by all the 
models for both a / h  ratios (Figures 5.7 and 5.8). 
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The transverse shear and normal stresses were computed by integration of the 
equilibrium equations. The in-plane stresses were computed from the h t e  element 
solution directly, that is by computing the &st derivatives of the displacement 
components, but equations (4.21), (4.23) and (4.23) were used for computing the 
transverse shear and normal stresses: 
where Cl, C2 and C3 are integration constants determined from the stress condition 
at the surface of the plate. For zero shear stress at z = i h / 2  and zero normal stress 
at z = 0, we have: 
The transverse shear stress dlstributiorls at the ~nid-section of two adjacent sides of 
the plate are shown in Figures 5.11 to 5.14. Observe that there is only a very small 
difference between the B' and the ,@ models. The sirrlilcvity of shear stresses for 
the p1 and models was observed in the case of the laminated strip also. To fully 
reproduce the shear stress profile, a lugher order ~noclel is required. It \\as shown in 
the case of the strip that the $ model is sufficient for proclucing excellent results. 
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Nevertheless, the results given by the ,B1 and D2 models are very satdadory. The 
transverse n o d  stress at the middle of the plate is shown in Figure 5.15. 
Figures 5.18 and 5.19 show the estimated relative error in energy norm as a 
function of the number of degrees of freedom for plevels ranging from 1 to 8. 
Similar convergence is observed for all models and for the reference solution. Note 
that in all cases the estimated relative error in energy norm is below 1% for p = 8. 
The convergence rate is algebraic (i.e., the relationship between the energy norm 
and the number of degrees of freedom is very nearly a straight line on a log-log 
scale). This rate of convergence is governed by the singularities associated with the 
four comers and the edges. 
In-plane Displacement 
at x=O, y=a/2, zlh 
Figure 5.3: Simply supported orthotropic (90/0/90) square plate: The function 
ii,(O, a/2, z)  for a/h = 4. 
In-plane Displacement 
at x=O, y=a/2, z/h 
u-x 
Figure 5.4: Simply supported orthotropic (90/0/90) square plate: The function 
~ ~ ( 0 ,  a/2, z ) for a/h = 10. 
In-plane Displacement 
at x=a/2, y=O, zlh 
Figure 5.5: Simply supported orthotropic (90/0/90) square plate: The function 
~,(a /2 ,O,z )  for a lh  = 4. 
In-plane Displacement 
at x=a/2, y=O, zlh 
Figure 5.6: Simply supported orthotropic (90/0/90) square plate: The function 
iiY(a/2,O, z )  for a lh  = 10. 
Normal Stress 
at x=a/2, y=a12, z/h 
Sig ma-X/q 
Figure 5.7: Simply supported orthotropic (90/0/90) square plate: The function 
cZ(a/2, a/2, z )  for a/h = 4. 
Normal Stress 
at x=a/2, y=a/2, z/h 
Figure 5.8: Simply supported orthotropic (90/0/90) square plate: The function 
d,(a/2, a/2, z )  for a/h = 10. 
Normal Stress 
at x=a/2, y=a/2, z/h 
Sigma-Ylq 
Figure 5.9: Simply supported orthotropic (90/0/90) square plate: The function 
ay(a/2,  a/2, z )  for a lh  = 4. 
Normal Stress 
at x=a/2, y=a/2, z/h 
Sigma-Ylq 
Figure 5.10: Simply supported orthotropic (90/0/90) square plate: The function 
aY(a/2,  a/2,  z )  for alh  = 10. 
Shear Stress 
at x=O, y=a/2, z/h 
Figure 5.11: Simply supported orthotropic (90/0/90) square plate: The function 
c, (0,  a/2,  z )  for a / h  = 4. 
Shear Stress 
at x=O, y=a/2, z/h 
Ta u-ZX/q 
Figure 5.12: Simply supported orthotropic (90/0/90) square plate: The function 
c, (0,  a/2,  z )  for a/h  = 10. 
Shear Stress 
at x=a/2, y=O, z/h 
Figure 5.13: Simply supported orthotropic (90/0/90) square plate: The function 
iy,(a/2, 0,;) for a / h  = 4. 
Shear Stress 
at x=a/2, y=O, z/h 
Tau-YZ/q 
Figure 5.14: Simply supported orthotropic (90/0/90) square plate: The function 
iy,(a/2,  0, z )  for a / h  = 10. 
Normal Stress 
at x=a/2, y=a/2, z/h 
Figure 5.15: Simply supported orthotropic (90/0/90) square plate: The function 
d,(a/2, a/2, z )  for a/h  = 4. 
Figure 5.16: Simply supported orthotropic (90/0/90) square plate: Finite element 
mesh for the reference solution (a lh  = 10). 
Figure 5.17: Simply supported orthotropic (90/0/90) square plate: Deformed 
configuration ( a / h  = 10). 
u. I 
1 10 100 lo00 
Number of Degrees of Freedom 
Figure 5.18: Simply supported orthotropic (90/0/90) square plate: Estimated 
relative error in energy norm for a/h = 4. 
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Number of Degrees of Freedom 
Figure 5.19: Simply supported orthotropic (90/0/90) square plate: Estimated 
relative error in energy norm for a/h = 10. 
5.2.2 Redangular Plate 
The stress distribution at representative locations in a three-ply orthotropic (or 
moss-ply, 90/0/90) simply supported rectangular plate (b/a = 3) are shown in 
Figures 5.20 to 5.23. In all cases the results are those corresponding to p = 8 and 
a/h  = 4. The loading and support conditions are the same as for the square plate. 
The results are also summarized in Table 5.3 for several width-to-thickness 
ratios. The quality of approximation is similar to that obtained for the square plate. 
Note that the approxirmtion of the in-plane stress components is always better 
than the approximation in the transverse shear stresses. Higher order models are 
required to obtain a more precise shear stress distribution, as was shown in Chapter 
3 for the laminated strip problem. 
5.2.3 Other Cases of Cross-ply Laminates 
The influence of the number of layers on the end deflection of a cross-ply square 
plate with one side clamped and the other three free is shown in Fig. 5.24 for three 
different a/h  ratios. In all cases the fibers in the outer layers were kept normal to 
the clamped edge of the plate. Also included in the figure are the results of the 
deflection computed using a simplified beam formula, which is valid for the case 
a/h -t ca. According to reference [36], the end deflection of a cantilever beam of 
length a and thickness h with uniform load q is: 
'Ihble 5.3: Normalized Stresses and Displacements for a Simply Supported 90/0/90 



















































































































The deflection computed by the use of (5.14) is identified as 'Beam (a /h  -+ m)'. 
The results indicate that when the number of layers increases then the bending 
stifEness of the plate decreases to a limiting value. The property of the laminate will 
be square symmetric but not isotropic [37]. When the longitudinal and transverse 
properties are equal, a material is called square s p e t r i c .  For the laminate this 
means: 
The iduence of different boundary conditions in the central deflection of a 
square plate is shown in Figures 5.25 and 5.26. Two opposite sides simply supported 
and the other two sides free are considered in this case. The results a e  for a three- 
and a five-ply laminate, and include the values of the deflection computed with 
the plate models as well as with the previously evaluated strip models. As can be 
observed both the plate and strip model yield s d a r  results. 
Normal Stress 
at x=a/2, y=b/2, z/h 
-60 -30 0 30 60 
Sigma-Wq 
Figure 5.20: Simply supported ort ho tropic (90/0/90) rectangular plate: The func- 
tion b,(a/2,  b /2 ,  z )  for a / h  = 4. 
Normal Stress 
at x=a/2, y=b/2, z/h 
Figure 5.21: Simply supported orthotropic (90 /0 /90)  rectangular plate: The func- 
tion b,(a/2,  b /2 ,  r )  for a / h  = 4. 
Shear Stress 
at x=O, y=b/2, z/h 
Figure 5.22: Simply supported orthotropic (90/0/90) rectangular plate: The func- 
tion ~ ~ ~ ( 0 ,  b/2, z )  for a/h  =4.  
Shear Stress 
at x=a/2, y=O, z/h 
Figure 5.23: Simply supported orthotropic (90/0/90) rectangular plate: The func- 
tion %,(a/?, 0, z )  for alh = 4. 
Normalized End Displacement 
Influence of Number of Layers 
Number of Layers 
Figure 5.24: Orthotropic (90/0/90) square plate, one side clamped. Influence of 
number of layers in U, (a/2, a, 0). 
Normalized Central Displacement 
Three-ply Laminate (90/0/90) 
. .-. Beam (Beta Om) 
-- Beam (Beta 1) 
- MSUPROBE 
J; Plate (Beta Om) 
a Plate (Beta 1) 
0.50 
1  I I 1  1 1 1  0.00 1 I I 1  I I I I  
20 200 2 
a/h Ratio 
Figure 5.25: Three-ply square plate. Two sides si~nply supported: The function 
5.3 Angle-ply Laminate 
In this Section we present the results for angle-ply laminated plates. There are three 
cases which are analyzed in detail: A three-ply square (b/a = 1) simply supported 
plake with a stacking sequence -45/+45/-45, a three- ply square simply supported 
plate with a stacking sequence -30/+30/-30, and a threeply rectangular (b/a = 3) 
simply supported plate with a stacking sequence -45/ +4/ - 45. As before, the 
results include deflections, normal and shear stress distributions and estimated 
relative error in energy norm for all three models and for the reference solution. 
Also included is the case of a three-ply laminated square plate in which the 
angle of the fibers in each layer was varied between 0 and 90". 
5.3.1 Square -45/+45/ - 45 Plate 
The results for a three-ply simply supported square angle-ply laminated plate are 
shown in Fig. 5.27 to Fig. 5.33 for the stacking sequence -45/ +45/ - 45. The 
results are also shown in Table 5.4 for several a/h ratios. In this case the transverse 
deflection computed for each hierarchic model shows a similar behavior as in the 
case of the cross-ply laminate (Figure 5.27). Note ho~vever, that the difference 
between the O0 model on one hand mcl the P1. P rliodels on the other is larger 
than before. Also, the in-plane displacements (Figures 5.28, 5.29) and stresses 
(Figures 5.30-5.32) for a jh  = 4 show the same trend as in tlie cross-ply laminate. 
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The /?' model always underestimates displacements and normal stresses, while the 
p1 and models give much closer approximations. 
Higher order models are required to obtain more precise shear stress distribu- 
tions. The same situation holds for the transverse normal stress a, (Fig. 5.33) 
which was computed directly from the finite element solution. The transverse nor- 
mal stress can also be computed by integration of the equilibrium equations as 
described for the cross-ply laminate, and better results are obtained. 
Comparing Figures 5.34, 5.35 with Figures 5.18, 5.19, the rate of convergence 
for the angle-ply laminate is not as high as in the case of cross-ply laminate. The 
relative error in energy norm at p = 8 is now larger for the same number of degrees 
of freedom The simply supported angle-ply laminate represents a less smooth 
problem than the cross-ply laminate. 
5.3.2 Square -30/+30/ - 30 Plate 
The results for a three-ply simply supported square angle-ply laminated plate are 
shown in Figures 3.36 to 5.43 for the orientation -30/+30/ - 30. In thls case the 
transverse deflection computed for each hierarchic model shows a similar behavior 
as in the case of the -45/ +45/ -45 laminate (Figure 5.36). Note however, that 
the difference between the 3 and the P1 model is larger thul before, and that the 
solution corresponding to the p2 model is farther apart from the model. The 
results are also summaxized in Table 5.5 for several width-to-thickness ratios. 
Thble 5.4: Normalized Stresses and Displacements for a Simply Supported -45/+ 
451 - 45 Square Plate (b/a = 1) 
(*) Estimated relative error in energy norm larger than 5% for all models 










































































The in-plane displacements (Figure 5.37), normal stresses (Figures 5.38, 5.39 
and 5.40), and shear stresses (Figures 5.41-5.43) for a / h  = 4 show the same trend 
as before. Note, howeve, that in this case the approximation in the transverse 
shear stresses (Fig. 5.41) is not as close to the reference solution as in the previous 
cases. The characteristics of the exact solution near the boundaries requires the 
use of higher order models if the shear stress distribution is of primary interest. 
5.3.3 Fkctangular -45/+45/ - 45 Plate 
The results for a rectangular plate (bla = 3) with ply orientation -45/$45/-45 are 
shown in Figures 5.44 to 5.48. Even though the relative error in energy norm for 
this problem is larger for the same a / h  ratio than for the equivalent square plate 
(see Table 5.1) the approximation for each hierarchic model is very similar to the 
one obtained for the square plate with the same stacking sequence and for the case 
a / h  = 4. 
The numerical results included in Table 5.6 for different width-to- thickness ra- 
tios, combined with the information provided in Table 5.1, are indicating that the 
characteristic of the exact solution is less smooth than for the square plate. In this 
case for a / h  = 10 the estimated error in energy noml \\as already larger than 5% 
and no shear stress values are included. However, in-plane normal stresses are less 
sensitive than the transverse shear, arid good convergence to the reference solution 
can be realized. 
Table 5.5: Normalized Stresses and Displacements for a Simply Supported -30/+ 
30/ - 30 Square Plate (b/a = 1) 
(*) Estimated relative error in energy norm larger than 5% for all models 
nble  5.6: N o d z e d  Stresses and Displacements for a Simply Supported -45/+ 
451 - 45 Rectangular Plate (bla = 3) 













































































5.3.4 Other Cases of Angle-ply Laminate 
The influence of fiber orientation in the central deflection of a three-ply square 
plate with two opposite sides simply supported (asides SS) and four sides simply 
supported (4s ids  SS) is shown in Fig. 5.49. In this case the a/h  ratio was kept 
constant at a/  h = 10 an the orientation of the fibers in the central layer was varied 
between 0 and 90". The fibers in the outer layers were always at 90" with the fibers 
in the central layer. The results for the ,@ and P1 models are included for each 
boundary condition. 
When all sides are simply supported, the central defledio~l of the plate U, is 
maximum when the central layer is either O" or 90". As may be anticipated the 
minimum deflection occurs for 8 = 45". Wlen two sides are simply supported and 
the fibers in the central layer run parallel to the supported edges (0 = 0°) ,  the 
deflection is minimum. As 8 increases so does the deflection, and the mximurn 
takes place for 0 between 60" and 70". 
Normalized Central Displacement 
Five-ply Laminate (901019010190) 
I 1 1  1 1 1 1 1 1  0 I 1 1  ( 1 1 I 1 l  
10 100 loo0 1 
a/h ratio 
Figure 5.26: Fiveply square plate. Two sides simply supported: The function 
Normalized Central Displacement 
Three-ply Laminate (-451451-45) 
I I 1  1 1 1 1 '  1  i I 1 1 1  0 I I I 1 1 1 ~ ~ 1  
10 100 loo0 1 
a/h Ratio 
Figure 5.27: Simply supported angleply (-451 + 45/ - 45) square plate: The 
function Uzja /2 ,  a / 2 , 0 ) .  
In-plane Displacement 
at x=0, y=al2, d h  
u-x 
Figure 5.28: Simply supported angle-ply (-451 + 451 - 45) square plate: The 
function ~ ~ ( 0 ,  a/2, z )  for a/h  = 4. 
In-plane Displacement 
at x=0, y=a/2, d h  
UY 
Figure 5.29: Simply supported angle-ply (-451 + 451 - 45) square plate: The 
function ii,(O, a/2,  z )  for a / h  = 4. 
Normal Stress 
at x=a/2, y=a/2, z/h 
Sigma-Wq 
Figure 5.30: Simply supported angle-ply (-451 
function o,(a/2, a/2,  r )  for a / h  = 4. 
- 
Shear Stress 
at x=a/2, y=a/2, z/h 
+ 451 - 45) square plate: The 
Tau-XYIq 
Figure 5.31: Simply supported angleply (-451 + 151 - 45) square plate: The 
function ~,,(a/2, a/2,  z )  for a/ h = 4. 
Shear Stress 
at x=O, y=a/2, z/h 
Figure 5.32: S-1y supported angle-ply (-45/  + 45/ - 45) square plate: The 
function ~ ~ ~ ( 0 ,  a/2, z )  for a / h  = 4. 
Normal Stress 
at x=a/2, y=a/2, z/h 
Sigma-Uq 
Figure 5.33: Simply supported anglcply (-45/  + 451 - 45) square plate: The 
function dz(a /2 ,  a /2 ,  z )  for a l h  = 4. 
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Number of Degrees of Freedom 
Figure 5.34: Simply supported angle-ply (-451 + 451 - 45) square plate. Esti- 
mated relative error in energy norm for a lh  = 4. 
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Number of Degrees of Freedom 
Figure 5.35: Simply supported angle-ply (-45/ + 151 - 45) square plate. Esti- 
mated relative error in energy norm for a / h  = 10. 
Normalized Central Displacement 
a/h Ratio 
Figure 5.36: Simply supported angle-ply (-301 + 301 - 30) square plate: The 
' function Uz(a/2, a/2,0).  
In-plane Displacement 
at x=O, y=a/2, z/h 
u-x 
Figure 5.37: Simply supported angle-ply (-301 + 301 - 30) squaxe plate: The 
function iir (0,  a /2 ,  z )  for a/ h = 4. 
Normal Stress 
at x=a/2, y=a/2, z/h 
Figure 5.38: Simply supported angleply (-30/ + 301 - 30) square plate: The 
function d,(a/2, a /2 ,  z )  for a / h  = 4. 
~ o r m a i  Stress 
at x=a/2, y=a/2, z/h 
Sigma-Y/q 
Figure 5.39: Simply supported angleply (-301 + 301 - 30) square plate: The 
function b,(a/2, a /2 ,  z )  for a l h  = 4. 
Normal Stress 
at x=a/2, y d 2 ,  z/h 
Sig ma-Z/q 
Figure 5.40: Simply supported angleply (-301 + 301 - 30) square plate: The 
function b,(a/?, a /2 ,  z )  for a / h  = 4. 
Shear Stress 
at x=O, y=a/2, z/h 
Tau-ZX/q 
Figure 5-41: S-1' supported angleply (-301 + 301 - 30) square plate: The 
function Tzr (0, a/?, z )  for a / h  = 4. 
Shear Stress 
at x=a/2, y=O, z/h 
Figure 5.42: Simply supported angleply (-301 + 301 - 30) square plate: The 
function T~~ (a/2,0,  z )  for a / h  = 4. 
Shear Stress 
at x=a/2, y=a/2, z/h 
Figure 5.43: Simply supported angle-ply (-301 + 301 - 30) square plate: The 
function T~ Y(a/? ,  0, z )  for a/ h = 4. 
Normalized Central Displacement 
1.0 1 I I 1 I I I I I l  I I  I I  I I l l  
2 20 200 
a/h Ratio 
Figure 5.44: Simply supported angle ply (-451 + 451 - 45) rectangular plate: 
The function Uz(a/2 ,  a / 2 , 0 ) .  
Normal Stress 
at x=a/2, y=b/2, z/h 
Figure 5.45: Simply supported angleply (-451 + 451 - 45) rectangular plate: 
The function 6, (a /? ,  bl?, z )  for a / h  = 4. 
Normal Stress 
at x=a/2, y=b12, z/h 
-14.0 -7.0 0.0 7.0 14.0 
Sigma-Ylq 
Figure 5.46: Simply supported angle- ply (-451 + 451 - 45) rectangular plate: 
The function by ( a /2 ,  b/2,  z )  for a /  h = 4. 
Shear Stress 
at x=O, y=b/2, z/h 
Figure 5.47: Simply supported angle-ply (-45/ + 45/ - 45) rectangular plate: 
The function ~ ~ ~ ( 0 ,  b/2, z )  for a / h  = 4. 
Shear Stress 
at x=a/2, y=O, z/h 
Figure 5.48: Simply supported -451 + 451 - 45 rectangulax plate: The function 
i,,(a/2,0, Z )  for a/h  = 4. 
Normalized Central Displacement 
0 15 30 45 60 75 90 
Central Layer Angle (deg) 
Figure 5.49: Square plate. hduence of fiber orientation on a three-ply laminate: 
T l ~ e  function Uz(a/2 ,  a /2 ,0 ) .  
5.4 Conclusions 
1. The hierarchic models for mid-plane symmetric laminated plates developed in 
Chapter 4 have been tested by solving benchmark problems. Good correlation 
between the proposed hierarchic sequence of models and a three-dimensional 
reference solution has been found for a wide range of problems investigated. 
2. All models converge to the same limit as the problem of three-dimensional 
elasticity with respect to h -+ 0. Adjustment of the materials properties 
of the model characterized by @' was required to satisfy this requirement. 
The model characterized by PO is the Reissner-Mindlin model, generalized for 
laminated composites, when the modified material properties are used (also 
known as first order shear deformation model). 
3. For a fixed plate thickness, as more members were added to the hierarchy the 
solution was closer to the reference solution. Better approximation is realized 
for the displacements and for the in-plane stress components even for low 
order members of the hierarchy than for the transverse shear stresses. ,4t 
the boundaries, higher order models are required, in general. In some cases 
models higher than p2 may be necessary to approximate the shear stress 
distribution as was demonstrated 11y the exarilples in connection wit11 the 
laminated strip in Chapter 3. 
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4. The class of problems investigated clearly demonstrated the capability of 
the proposed hierarchic sequence of models in approximating the solution of 
the problem of three-dimensional elasticity to the desired degree of accuracy. 
Thus, these models are suitable for obtaining both the structural and the 
detailed response of laminated plates. 
Chapter 6 
Summary and Conclusions 
The objective of this research has been to develop mathematical models for the 
analysis of laminated plates. The choice of the proper model for a particular a p  
plication is problem dependent, that is, depends on the exact solution of the of the 
corresponding fully three-dirnensiord problem, which in this this investigation was 
the problem of three-dimensional elasticity; the goals of computation; the degree 
of precision required, and the met hod by whch the data of interest are computed. 
In general, the solution of the problem of three-dimensional elasticity in the 
smooth interior regions is very close to the solution corresponding to the low order 
model, whereas the solution near the boundaries is more complicated and thus 
requires the use of higher ~noclels. Typically, investigation of structural response 
can be performed with low order models but the investigation of strength response 
requires high order models. 
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For these reasons models have to be chosen adaptively. If the models are simple 
(classical plate model, first-order shear-deformation model) they are economical 
and provide reasonable approximation to the structural response, but fail to provide 
accurate representation of the strength response. If the model is more elaborate 
(high-order shear-defomtion models, discrete-layer modds) , they provide better 
strength response at the expense of greater computational complexity, even for 
those cases in whlch structural response was the only goal of the computation. 
Hierarduc sequence of models make it possible to select the model best suited 
for a particular analysis. In this investigation the question of how models should 
be selected from a particular hierarchic sequence was not addressed. l l ie  main 
idea is relatively simple. The transverse variation of the displacement functions 
should be selected such that they are orthogonal or very nearly orthogonal in the 
energy space. In that case the size of the field functions u,~,  uyl,, uzlt, measured in 
the energy norm, will give an indication of the importance of the z th term in the 
hierarchy. One can expect that as i increases the size of urlr, u,~,  uzll will decrease. 
The derivation of a hierarchic sequence of models for laminated plates was 
first outlined for the particular case of cylindrical bending (the strip problem) 
and their performance was demonstrated on the basis of the degree to which the 
equilibrium equations of the two-dimensional elasticity are satisfied. The powers 
of the parameter ,t3, representing the degree to which the equilibrium equatiorls 
of are satisfied, kave been used to identify mernbers of the l i e ra rhc  sequence. 
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The numerical implementation of ths  hierarchic sequence of models proved their 
capability of approachq the solution of the problem of two-dimensional elasticity 
to the required degree of accuracy. 
Hierarchic models for mid-plane symmetric laminated plates were also devel- 
oped based on a single parameter P. The powers of the parameter P,  representing 
the degree to which the equilibrium equations of three-dimensional elasticity are 
satisfied, have been used for identifying members of the hierarchic sequence. The 
selection of a displacement field based on a single parameter, combined with the 
proper selection of the constants in the transverse shape functions, resulted in a 
sequence of models in which the number of fields added for each increment in the 
power of p is three. In this way the increase in complexity, as more members are 
added to the hierarchy, was minimized. 
In the interest of computational efficiency, the hierarchic sequence of models 
has been extended downward to include the models characterized by ,L?' and P1. 
This required a modification of material properties, which is analogous to the gen- 
erally accepted modification of material properties used in the Reissner-hhdlin 
model for homogeneous isotropic plates. In fact, the model characterized by Do 
is the Reissner-blindlin model, generalized for laminated plates, when the modi- 
fied material properties are used. In the special case, when the shear modulus is 
independent of 2,  the hierarchic model is the Reissner-bIindli.11 model. Tlle shear 
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correction factor can be assigned arbitrarily since the requirements set for hierarch 
models are satisfied independently of the shear correction factor. 
Good correlation between the proposed hierarchic sequence of models and a 
threedimensional rderence solution (MSCIPROBE) has been found for a wide 
range of problems investigated. The class of problems investigated clearly demon- 
strated the capability of the proposed hierarchic sequence of models in approxi- 
mating the solution of the problem of three-dimensional elasticity to the desired 
degree of accuracy. Thus the hierarchic framework described in this work allows 
the development of reliable predictive capabilities for the structural and strength 
responses of structural components made of laminated composites. 
Chapter 7 
Acknowledgements 
I wish to thank Dr. Barna Szab6 for h i s  assistance, ,pidance and encouragement. 
Also for his readiness to share his knowledge and for his enthusiasm and support. 
Special gratitude is extended to Professor Ivo BabGka for hs insights and 
guidance. His seminal contributions have made this work possible. 
I also wish to thank Dr. Christopher Schwab from the University of Maryland 
for h s  suggestions and ideas during the development of the formulation of the plate 
models. 
To the best secretary of Washmgton University, Mrs. Lacy, who was alwvays 
ready to help, I give much tl~anks for her assistance in preparing both my proposal 
and this dissertation. 
Finally, I want to thank my wife Lliana and my cllildren Lisa and Luis for their 
encouragement and support while I was carrying out this work. 
Appendix A 
Laminated Strip: Expansion of the Equilibrium 
Equations up to the Third Power of /3 
Differentiating equations (2.31) to (2.33) with respect to ,i3 three times and letting 
,i3 = 0, the following equations are obtained for the real parts: 
(E6#a3)' - (E6$b2)1 - E?%2 - E14a1 = O (A-1) 
(E3qa3)' - E66& - (G6b2)' - E6'&1 = 0. (A. 2) 
Start with (A. 1) and from (2.54) and (2.74): 
Integrating once: 
then, integrating again: 
$a3 = d2y + a3F0(y) + a l F 2 ( ~ )  +doF4(~) (A.3) 
where: 
From (A.2), and using (2.62) and (2.72): 
integrating once: 
integrating again: 
Because of symmetq d = 0, and calling b3 = f , we finally have: 
where: 
Ez +E F2 ( t )  }dt . 
Additional transverse functions, to satisfy the equilibrium equations up to 
higher power of p , are found following the same procedure described herein. 
Appendix B 
Laminated strips: Computation of the 
Transverse Functions for a 3-ply Laminate 
The transverse functions f i  ( y ) , Fl ( y  ) , F2 (y ) and F3 ( y )  are integrated for the $ply 
laminate problem indicated in Figure B.1. The material properties are assumed to 
be constant within each lamina. 
Figure B.l: Three-ply laminate. Notation. 
a)  l?, (y): from (2.39) 
For lamina I, we have 
It is convenient to factor out a coefficient to avoid working with very sma l l  numbers, 
so we will use the largest value of the material stfiess matrix on any lamina in 
the laminate. Calling this quantity E,, the new Fo(y) will be: 
Kc Po (Y) = Ec FO (y) = - E6l Y- 
Mhermore the ovabar can be dropped since the E, multiplying Fo(y) can be 
absorbed in the constant a0 that multiplies &(y) in the expression for + ~ ( y ) .  
For lamina 2, we have: 
The expressions of F o ( ~ )  for layers 1 and 2 can be summarized as follows: 
where: 
b) Fl (IJ): from (2.64) we have 
Using the same factor as before, we can write: 
Ec 
-&(t) + - t) dt. F~(Y) = 1 (&@) (t) E3(t) 
For lamina 1: 
For lamina 2: 
where 




c) &(y): from (2.75), and using (B.2) and (B.8) 
For lamina 1: 







h; G2 3- 
~ I = ~ o T -  [(-&-Z)n-j7-] a (E12-g)pl$ (B.21) 
(B.22) 
d) F3 (y) : from (2.76) 
t d t .  F~(Y) = J6Y -jqq 
Performing the integration across lamina 1 and 2 we get: 
where: 
The integration of these and all other transverse functions can be performed nu- 
merically, and for any number of layers. The direct integration for a 3-ply symmetric 
laminate was performed to show the polynomial degree of some of the functions, 
and to solve the example problems described in Chapter 3. 
Appendix C 
Laminated Strip: Lamina Stiffness Submatrices 
Consider the two dimensional model of a laminated strip shown in Figure C.1. 
From equation (3.10) and (3. ll), the stiffness matrix of lamina k is given by: 
where [Q] is given in (3.8) and [q(') by (3.12). When the equilibrium equations are 
satisfied up the second power of /3, a total of 36 submatrices (only 21 are different) 
are contained in (C. 1). Each submatrix of (C. 1) is obtained in the following way: 
e Using the mapping (3.6), from (3.7) : dx = - 4 so we can write: 2 
Figure C.l: Laminated Strip. Notation 
- $)!Pi"" (F)~ { N f )  l ~ f l d y 4 +  @)i 2y 
2 -1  Yk 
-1  yk T { N f } l N j d ~ 4  
+ d k ) ! r r + ' $  2 -1 yk { N }  [Nf jdY4+ d k ) ! r l r + '  -1 Y, { N }  , N j d y 4 .  
Evaluating the integrals across lamina k, and using the definitions of [KSt] ,  [iVIst] 
and [LSt] given in Section 3.1, we finally have for [I<l l]:  
Similarly, the other submatrices of (C. 1) are: 
First row: 
A?$k) 
') [Kt] + Gk' hk [LIT [IG2] = 7(y:+1 - Y k  (C.4) 
Second row: 
2 
[1{22] = 2 h k  d k )  [ K s t ]  (C-9) 
[&3] = E',) H 3  [&] + I$) H 4  [LSt] (C. 10) 
2 
[ I 6 4 1  = @' Hie [ L t ]  + Gk) H I I  [IL] (C.11) 
[&s] = @) ~ 3 6  [&I f ~ 3 7  [LSt] (c.12) 
2 
[1{261 = ~ E ( ~ * ) H ~ ~ [ K S I I  G k ) ~ ~ s [ ~ 3 t ] .  (C.13) 
Third row: 
2 e 
[1{3s1 = 2 d k ) ~ 3 a [ ~ s t ]  + ( ~ 3 9  [ L 9 t ]  + ~ 4 0  [ L s t l T )  + I$) Hal [ M ~ ~ ]  (C. 16) 
2 
3 6  = j 2 [ t ]  + 2 [ t  + d k  2 9  L S T  + 4 )  H l s t  (C. 1;)
Fourth row: 
2 e [IGs] = j @) ~ 4 2  [ K t ]  + d k ) H 4 3  [ L S t ]  + @) ~ 4 4  [L3 t lT  + I H~~ [Mgt] (C. 19) 
e 
[ I 6 6 1  = :I$) H ~ O [ I { ~ ~ ]  + Gk) (HZI [LSi] + ~ 2 2 [ ~ ~ ~ ] ~ )  + ? -E $ k ) ~ 2 3 [ ~ ~ ~ 9 i ] .  (C.20) 
Fifth row: 
2 [ ~ { s s ]  = 2 ~ k ) & 6 [ 4 ]  + ([L,,] + [rStlT) + 6ak) ~ ~ ~ [ f k f ~ ~ ]  (C.21) 
Sixth row: 
where: 
These 52 coefficients have to be evaluated for each lamina of the strip. For the 
3-ply laminate indicated in Figure B.l, the following values are computed. 
1. For lamina 1, using (B.?), (B.14) and (8.25): 
h1/2 h3 Ha h1/2 h3 
Hl1 = LlI2 40 y2 = 40 12 = - 2 Ht2 = Ll12 ( 2 q o d 2  dy = q i $  
ht 12 h5 
H~~ = /+:;! 2 q , ~  y3 dy = 0  H14 = LIl2 y4 d~ = 402 & 
220 ydy = O  His = /+:;! PO qo y3 dy  = 0 
h; 
Hir = L:~;~OPOY~~Y  =qonTi HIa = T h 1 1 2  - 1/2 2 qo J dy = ?HIT 
h: 
qo s u 4 d y  = 40 20 gj 
h1/2 h: h1/2 H2a = 2 P o z o ~ ~  =nz0x 
H2T = LlI2 PO a y3 d y  = O 
h; h1/2 h1/2 p,, ro y2dy = B  20 - H, = Ll12 = O  
H29 = Jr-+h, / 2  12 
2.  For lamina 2 ,  using (B.2), (B.8), (B. 14) and (B.25) : 
2 3 
where: A 2 = ( $ + h ) 2 - ( 2 )  7 = (2 +h2)3 - (2) 
h1/2+h2 





= L I / 2  
( t i  + t 2 y  + t 3 ~ ~ 4 y ~ ) ~ d y  
A 1  113 
= t i h 2  + t l t 2 - 4 2  + ( 2 t l t 3  + t i)T + ( t i t 4  + t 2 t 3 ) 2  
A As As 
+ ( 2 t , t 4  + t:)T + t3t4- 3 + tir 
h i / 2 + h z  
H49 = X 1 / 2  
( t l  + t 2 y  + t 3 y 2  + t 4 y 3 ) ( z 1  + z 2 y 2 ) d y  
A2 A1 A 3  
= t l z lh2 + t2z17 - + ( t 1 ~ 2  + t 3 ~ 1 ) -  3 + ( h i 2  + t 4 ~ 1 ) ~  
The integration of these and a31 other coefficients necessary to compute the stifEness 
submatrices can be performed numerically, and for any number of layers. The direct 
integration was performed to solve the model problems described in Chapter 3. 
Appendix D 
Laminated Strip: The Load Vector 
The load vector will be computed for the three-ply laminate indicated in Figure D. 1, 
and for the case of the ,@ expansion of the displacement functions as given in (2.77), 
I t t t t t t t t t t t t t t t  . .  - .  - 
-x 
h/2 
t t t t t t t t t t t t t t t  
Figure D.1: Thee-ply problem. Xotation. 
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The potential of the external forces was determined in Chapter 3, and is given 
by (3.25): 
but uy (E,  h/2) = uy (E, - h/2) because of symmetry, then 
also fiom (2.78) and (3.3) : 




are the vectors of the unknown coefficients of the functions uYl,(x); and 
are the load subvedors associated with the above unknown vectors. 
Using expressions (B.8) and (B.25): 
h 2 
Fi(h/2) = q1+@5 + ( I 3  ( 5 )  P s 6 )  
2 
R(h/ ' )  = s +s ( 5 )  (D.7) 
where ql, q2, q3, z1 and 22 depend on the material properties and thickness of 
each layer of the laminate, and are given in Appendiv B. The global load vector is 
obtained assembling the load subvectors computed above. For the 2 model there 
are six subvedors: 
{R) = { [oJ LT(')J [Oj 1d2)J LO] [r(3)j }T 
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This is the expression of the load vector for a Sply laminated strip with uniform 
loading on top and bottom surfaces to be used in (3.28). 
Appendix E 
Laminated Strip: Computation of Engineering 
Quantities 
a) Horizontal displacements. After the finite element solution is obtained, the u, 
displacement component for the pZ model at any given point across the laminated 
is given by: 
For the simply supported case, the horizontal displacement at the support location 
(x=O, or < = - I )  will be: 
Note that Nl(-1) = 1, and N,(-1) = 0, i = 2, 3, . . . ,  p + l ,  and only the 
coefficient al is included in (E.l) for each term of the e.xpansion. 
For lamina 1 of the model problems7 using the results obtained in Appendix B for 
the integration of the transverse functions, we have: 
For lamina 2: 
b) Longitudinal stress a,. To detamine the longitudinal stress a. we use equation 
(2.6) and (3.8) as follows: 
For the case E4 = Es = 0: 
2 
oz(0 Y) = IN'] ({a!')}  Y + {a(2)} Fo(y) + {a(3)} &(y)) 
+& LNJ ( ( b c 2 ) }  4' (Y) + {b(3)} F; (Y )) (E.4) 
For the problem of the infinite strip described in Chapter 3, the longitudinal 
stress at the symmetry section (< = 1) are: 
For lamina 1: 
For lamina 2: 
c) Qmverse shear stress rZy. Let us consider the equilibrium equation (2.2): 
integrating across the thickness 
From (E.4), we have 
- 
4 
- - El 1 N" J ((a' ')} y + {a (2 ) }  Fo ( y )  + {a(3)}  ~2 ( y )) dx - P 4 G L ~ t ]  ( {b(2)}  F '  ( Y )  + {b(3)} F; (Y  1) 
then: 
For the problem of the infinite l d t e d  strip described in Chapter 3, the shear 
stress rzy at the antisymmetry section ( E  = -1) is obtained from (E.lO). 
For lamina 1: 
For lamina 2: 
where g (x) is determined with the condition of zero shear of the free surface: 
rZy(- 1, h / 2 )  = 0 
then: 
These are the expressions that have been used to compute the displacements 
and stresses reported for the first model problem described in Chapter 3. 
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